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1. Introduction 

By analogy with [4], the leading idea, permeating the work, can be 
briefly described as follows: with each (bi) topological property V one 
can associate a relative version of it formulated in terms of location 
of a (bi)topological subspace Y in a (hi) topological space A in such a 
natural way that, when Y coincides with A, then the relative property 
coincides with V. Moreover, please note that all bitopological ver- 
sions are constructed in the commonly accepted manner so that if the 
topologies coincide, we obtain the original or new topological notions 
and results. 

Observe also here that if after bitopological results their topological 
counterparts are also given, then this means that the counterparts are 
new too. 

All useful notions have been collected and the following abbreviations 
are used throughout the work: TS for a topological space, TsS for 
a topological subspace, BS for a bitopological space and BsS for a 
bitopological subspace. Always. i,j G {1,2}, i ^ j, unless stated 
otherwise. 

Let (A, ri,r 2 ) be a BS and V be some topological property. Then 
(hj)-P denotes the analogue of this property for n with respect to 
Tj, and p-V denotes the conjunction (1,2)-"P A (2, 1)-P, that is, p-P 
denotes an "absolute" bitopological analogue of V, where "p" is the 
abbreviation for "pairwise". Also note that (A, t{) has a property V 
if and only if (A, n, r 2 ) has the property i-P, and drP is equivalent to 
1-VA2-V, where "tf is the abbreviation for "double". A BsS {Y,t[,t^) 
of a BS (A, Ti,r 2 ) has a property V if and only if (Y,t[,t£) has the 
property V in itself. 

As usual, the symbol 2 X is used for the power set of the set A, and 
for a family A = {A s } s£ s C 2 X , co^4 denotes the conjugate family 
{A \ A s , A s G A}ses- If A C A, then Ti'mtA and XjclA denote 
respectively interiors and closures of A in the topologies Tj (for a TS 
(A, r) the interior and the closure of a subset A C A is denoted by 
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rint A and tc\A, respectively). A set A C X is p-closed in (X, ri,r 2 ) 
if A = TidAn r 2 cl A and the family of all p-closed subsets of (X, r 1? r 2 ) 
is denoted by p-Cl(X). It is clear, that coti U cor 2 C p-Cl(X) and for 
T\ C r 2 , that is, for a BS (X, Ti < r 2 ), p-CZ(X) = cor 2 . 

A family ti = {U s } se s of subsets of X is a p-open covering of X if 
1A C ri U r 2 , X = (J C/ s and fl Tj contains a nonempty set [11]. 

In our further discussion (R, a;) is the natural TS, and the natural BS 
(M, Ui,u 2 ) is the real line R with the lower uj x = {0,R} U {(a, +00) : 
a G M} and upper u 2 = {0,1R} U {(—00, a) : o£l} topologies. 

A function / : (X, Ti,r 2 ) — > (Y, 71,72) is said to be ^-continuous if 
the induced functions / : (X, Tj) — * (Y, 7$) are continuous. Following 
[8], "lower (upper) semicontinuous" is abbreviated to l.(u.).s.c. and 
by Proposition 0.1.4 in [8], a function / : (X, Ti,r 2 ) — > (i",^,^) is 
(i-continuous if and only if / : (X, Ti,r 2 ) — » is (2, j)-l.u.s.c, 

where / : (X, Ti,r 2 ) — > is («, j)-l.u.s.c. if / is i-l.s.c. and j-u.s.c. 

We shall also use the following double indexation 

A l j — {x G A : a; is a j-isolated point of A}, 

where "j" denotes the belonging to the topology, while "i" is fixed as 
the isolation symbol. By [6], for any subset A of a BS (X, Ti,r 2 ) the 
(i, j)-boundaries (i.e., bitopological boundaries) of A are the p-closed 
sets (i, j)-Fr A = TidAn Tj cl(X \ A). 

Furthermore, in a BS (X, Ti,t 2 ) the topology Ti is coupled to the 
topology r 2 (briefly, tiCt 2 ) if TiclC/ C t 2 c\U for any set [/ G r x [27], 
Ti is near r 2 (briefly, TiNt 2 ) if TiclC/ C T 2 clC/ for any set U G r 2 [8], 
and Ti and r 2 are ^-related (briefly, TiSt 2 ) if 

Ti int A C Ti cl r 2 int A A r 2 int A C r 2 cl T\ int A 

for any subset A C X [25]. 

In the sequel it will be assumed that 

(tiCt 2 A Ti C T 2 ) Ti < C T 2 , 

(tiXt 2 A Ti Ct 2 ) <=>t x < n t 2 and (T1SV2 A nCr 2 )<^ri < 5 t 2 . 

By [8], i-V(X) = {A C X : Tj cl A = X}, i^d(X) = coi-P(X) = 
{A C X : Tj int A = 0} and 

(i,j)-CV(X) = {A C X : A = Tj cl Tj int A| . 

Definition 1.1. let (X,ti,t 2 ) be BS. Then 

(1) (X, ti,t 2 ) is R-p-Ti (i.e., p-Ti in the sense of Reilly) if it is 
d-Ti [20]. 
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(2) (X, Ti,r 2 ) is (i, j)-regular if for each point x G X and each 
i-closed set F, xGF, there exist an i-open set U and a j-open 
set V such that x G U, F G V and U HV = [13] and by (2) 
of Proposition 0.1.7 in [8], (X, 7i, r 2 ) is (i, j)-regular if and only 
if for each point x G X and any neighborhood U (x) G r« there 
exists a neighborhood V(x) G Tj such that Tj c\V(x) C £/(x). 

(3) (X, 7i, r 2 ) is (i, j)-Tychonoff if it is R-p-Ti and (i, j) -completely 
regular, that is, for every i-closed set F C X and any point 
a; G X, xGF, there is an (i.j)-l.u.s.c. function / : (X, Ti, t 2 ) — > 
(J,c/) such that /(F) = and f(x) = l [14]. 

(4) (X, 7i, r 2 ) is p-normal if for every pair of disjoint sets A, B in X, 
where A is 1-closed and B is 2-closed, there exist a 2-open set 
U and a 1-open set V such that A G U, B G V and U C\V — 
[13] and by (4) of Proposition 0.1.7 in [8], (X, n, r 2 ) is p-normal 
if and only if for each 2-closed (1-closed) set F and each 1-open 
(2-open) set U with F G U, there exists a 1-open (2-open) set 

V such that F G V G t 2 c\V G U {F G V G T lC \V G U). 

(5) (X, Ti,t 2 ) is hereditarily p-normal if every one of its BsS is 
p-normal [6] and by Theorem 0.2.2 in [8], (X, r 1? r 2 ) is hered- 
itarily p-normal if and only if whenever A,BgX, (ti cli fl 
B) U (A n r 2 clB) = there are disjoint sets C/ G r 2 , V G Ti 
such that AgU and 5 C V. 

(6) (X, ri,r 2 ) is (i, j)-RR-paracompact if for each i-open covering 

V of X there is an i-open covering U of X which refines V and 
is j-locally finite at each point of X [18]. 

(7) A BS (X, Ti, r 2 ) is p-connected if X cannot be expressed as the 
union of two nonempty sets A and B such that {A fl r 2 cl 5) U 
(ti cli n .B) = [17] and by (c) of Theorem A and Theorem C 
in [17], respectively, the ^-connectedness of a BS (X, Ti,r 2 ) is 
equivalent to each of the following two conditions: X contains 
no nonempty subset which is both 1-open and 2-closed (hence, 
none which is 1-closed and 2-open), and every ^-continuous 
function / : (X, Ti,T 2 ) — > (R, u>i,u>2) has the Darboux prop- 
erty, that is, if f(xi) < c < f(x 2 ), then there is x G X such 
that f(x) = c. 

In the first part of the work (Sections 2-6) a special attention is given 
to relative separation axioms and relative connectedness, in particular, 
many relative versions of p-T , p-Ti, p-T 2 , and p-regularities, 

(i, j)- and p-complete regularities, p-real normality and p- normality are 
discussed. Moreover, relative properties of and p-compactness 
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types, including relative versions of and p-paracompactness, 
and p-Lindelofness, and p-pseudocompactness are also introduced 

and investigated. The second part (Sections 7-12) is devoted, on the 
one hand, to relative bitopological inductive and covering dimension 
functions and, on the other hand, to relative versions of Baire spaces 
for both the topological and the bitopological case. 

At the end, note that relative (bi)topological properties play a special 
role not only in the development of respective theories, but also in the 
strengthening of the previously known results. 

2. Relative Separation Axioms 

First of all, note that topological versions of relative bitopological 
properties, introduced and studied in Sections 2-6, are considered, in 
particular, in [2]-[4]. 

Below, the letters U W" and "S"' abbreviate, respectively, the words 
"weakly" and "strongly". 

Definition 2.1. Let {Y,t[,t^) be a BsS of a BS (X,n,r 2 ). Then 

(1) Y is p-To in X if for every pair of distinct point of Y there 
exists a 1-neighborhood or a 2-neighborhood in X of one point, 
not containing the other. 

(2) Y is WS-T o in X if for each pair of distinct points y G Y , 
x G X there exists a 1-neighborhood or a 2-neighborhood of y 
in Y, not containing x, or there exists a 1- or 2-neighborhood 
of x in X, not containing y. 

(3) Y is Wp-R in X of for every set U G T\ \ {0} it follows from 
x G U fl Y that r' 2 cl{x} C U and for every set V G r 2 \ {0} it 
follows from y G V H Y that t[ c\{y} C V. 

(4) Y is p-Ro in X of for every set U G T\ \ {0} it follows from 
x G U n Y that r 2 c\{x} C U and for every set V G r 2 \ {0} it 
follows from y G V fl F that T\ cl{y} C V. 

(5) Y is Wp-Ti in X if for any pair of distinct points of Y one point 
has a 1-neighborhood in X not containing the other, while the 
other point has a 2-neighborhood in X, not containing the first. 

(6) Y is p-Ti in X if for every pair of distinct points x, y G F there 
exists a 1- or a 2-neighborhood of x in X, not containing y. 

(7) Y is Sp-Ti in X if for every pair of distinct points x, y G Y 
there exists a 1- and a 2-neighborhood of x in X, not contai- 
ning y. 
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(8) F is (i, j)-WS -Ti in X of for every pair of distinct points y 6 7, 
x G X there exist an i-neighborhood of y in Y, not containing 
x, and a j-neighborhood of x in X, not containing y. 

(9) Y is (i, j)-W-Ri in X if for each pair of distinct points x, y G Y 
such that xETi c\{y} there are disjoint neighborhoods U (x) G 7* 
and U(y) G r 3 -. 

(10) Y is (i, j)-Ri in X if for each pair of distinct points x, y G Y 
such that xErl c\{y} there are disjoint neighborhoods U(x) G 7* 
and C/(y) G r^. 

(11) F is («, j)-WS-Ri in X if for each pair of distinct points t/6 7, 
x G X such that ?/GTjcl{:r} there are disjoint neighborhoods 
U(y) G r/ and U(x) G r^. 

(12) F is (i, j)-SW-Ri in X if for each pair of distinct points t/6 7, 
x G X such that xGY/cl{y} there are disjoint neighborhoods 
U(y) G rj and C/(x) G r,. 

(13) F is Wp-Ri in X if for each pair of distinct points x, y G F 
such that 7i cl{x} 7^ r 2 cl{y} there are disjoint neighborhoods 
U(x) G r 2 and Z7(y) G Ti. 

(14) F is Sp-Ri in X if for each pair of distinct points x, y G F 
such that r{ cl{x} 7^ cl{y} there are disjoint neighborhoods 
U(x) G r 2 and C/(y) G n. 

(15) F is Wp-T 2 in X if for each pair of distinct points x, y G F 
there are disjoint sets C/ G Ti, V G r 2 such that either x E U, 
yeV or xeV,yeU. 

(16) F is p-T 2 in X if for each pair of distinct points x, y G F there 
are disjoint sets U G Ti, V G t 2 such that x EU and y G V. 

(17) F is (i, j)-WS-T 2 in X if for each pair of distinct points t/6 7, 
x GX there are disjoint neighborhoods U(y)ET l i and C/(x) G Tj. 

(18) F is (i,j)-S-T 2 in X if for each pair of distinct points y G F, 
xGX there are disjoint neighborhoods U(y)ETi and C/(x) G Tj. 



Furthermore, we pass to the bitopological modifications of various 
types of relative regularity, relative complete regularity and relative 
normality. 

Definition 2.2. Let (F,t{,t^) be a BsS of a BS (X,ti,t 2 ). Then 

(1) F is (i, j)-WS-quasi regular in X if for x G F, F G coTj and 
xEF, there are disjoint sets C/ G t/, F G r' such that x <E U 
and F n F C F. 

(2) F is (i, j ) -regular in X if for x G F, F G cot, and xEF, there 
are disjoint sets C/ 6 Tj, V 6 r 3 - such that x e U and FflF C V. 
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(3) F is (i, j ) -strongly regular in X if for x E Y, F E cor/ and 
xEF, there are disjoint sets U E t { , V E tj such that x E U 
and F C V. 

(4) F is (i, j)-superregular in X if for x E Y, F E cofj and x~EF, 
there are disjoint sets C/ G Tj, V G r, such that x E U and 
FcV. 

(5) F is (i, j)-WS-regular in X if for x E Y, F E co Tj and xEF, 
there are disjoint sets C/ G r/, F G Tj such that x E U and 

(6) F is («, j)-WS-superregular in X if for x E F, F G cot^ and 
xEF, there are disjoint sets C/ G r/, V E Tj such that x E U 
and FcK 

(7) F is (i,j)-iree regular in X if for x E X , F E coti and x~EF, 
there are disjoint sets U E Ti, V E Tj such that x E U and 
F n F C V. 

It is obvious that taking into account (2) of Definition 1.1, for a BsS 
(F, r{, 7-3) of a BS (X, Ti, r 2 ) the following implications hold: 

X is (i, j)-regular > Y is (i, j)-free regular in X 

F is (i, j)-superregular in X 




Y is (z, j)-WS-superregular in X Y is -strongly regular in X 



F is (z, j)-WS-regular in X < F is (i, j)-regular in X 




Y is (i, j)-regular < F is (i, j)-WS-quasi regular in X 



Using (2) of Definition 1.1 one can reformulate three axioms of 
bitopological relative regularity. 

Proposition 2.3. Let (Y,t[,t^) be a BsS of a BS (X,t 1 ,t 2 ). Then 

(1) F is (i, j) -strongly regular in X if and only if for each point 
x EY and any neighborhood U'(x) E r[ there is a neighborhood 
V(x) E T-i such that Tj c\V(x) n F C U'(x). 

(2) F is (i, j)-WS-superregular in X if and only if for each point 
x EY and each neighborhood U (x) E Ti there is a neighborhood 
V'(x) E t[ such that TjdV\x) C U(x). 
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(3) Y is (i, j)-superregular in X if and only if for each point xEY 
and each neighborhood U(x) G T; L there is a neighborhood 
V(x) G Ti such that TjC\V{x) C U(x). 

Proof. (1) Let, first, Y be (i, j)-strongly regular in X, x G Y and 
U'(x) G t[. Then x~e A = Y \ U'(x), A G cor/. Hence, there are 
V(x) ETi,V(A) G r,- such that Tj cl 7(i)nV(A) = 0, Clearly, 

Tj cl V(ar) Cl\ V{A) C X\A = X\(Y\ U'{x)) = U'(x) U (X \ Y) 

and thus Tj cl V(x) n F C [/'(a). 

Conversely, let the condition be satisfied, i 6 7, i 6 cor/ and a; G~ A. 
Then x G F \ A — U'(x) G r/ and hence, there is V(x) G Tj such that 
7-j cl7(x)n7c U'{x). Therefore 

X \ U'(x) CX\ (tj cl V{x) n Y) = (X \ Tj cl V(x)) U (X \ F) 

so that (X \ U'{x)) n7cX\r i cl V(ar). Thus A C X \ Tj cl = 
F(A) G 7-j and F(x) n V{A) = 0. 

(2) Let, first, Y be (i, j)-WS-superregular in X, x G F and [/ (x) G Tj. 
Then x&F — X \ U(x) G cot,; and so, there are V(x) G r/, V(F) G Tj 
such that Tj cl V(x) H V(F) = 0. Therefore, 

rj cl V(ar) C X \ F(F) C X \ F = U(x). 

Conversely, let the condition be satisfied, x G F, F G cot^ and xEF. 
Then x E U (x) = X \ F E ^ and by condition, there is V(x) G r/ such 
that TjCiy(x) C U(x). Hence 

F — X \ U(x) cX\Tj cl V{x) = V(F) G Tj 

and n V(F) = 0. 

(3) Follows directly from (2) of Definition 1.1, taking into account 
that x G F. 

Hence, F is (i, j)-superregular in X if and only if X is (i, j)-regular 
at each point of F. □ 

It is evident that a TsS (F, r') of a TS (X, r) is WS-regular (WS- 
superregular) in X if for x G F, F G cor and xeF there are disjoint 
sets U Et',V G r such that x <E U and F fl F C V(F C V). 

Therefore, the topological version of Proposition 2.3 says that (F, r') 
is strongly regular (respectively, WS-superregular, superregular) in X 
if and only if for each point x G F and any neighborhood C/'(x) G r' 
(respectively, U (x) G r) there is a neighborhood V(x) G r (respectively, 
^'(x) G r', F(x) G r) such that tc\V(x) n F C C/'(z) (respectively, 
rclF'(^) C C/(x), rciy(x) C C/(x)). 

Definition 2.4. Let (F,r{,r^) be a BsS of a BS (X,n,T 2 ). Then 



8 



B. P. DVALISHVILI 



(1) F is (i, j ) -regular in X from inside if every i-closed in X BsS 
of Y is (i, j)-regular. 

(2) Y is -internally regular in X if for x G Y, F G co Tj, F C F 
and xG F there are disjoint sets {7 G Tj, F G Tj such that x G U 
and F C V. 

(3) X is (i, j)-regular on Y if for each set F G coTj, i-concentrated 
on F (that is F C n cl(F n F) [3]), and each point x G F \ F 
there are disjoint sets C/ G r;, V G ^ such that x G U and 

Fey. 

(4) X is -strongly regular on F if for each F G cot*, i-concen- 
trated on F, and each point x G X \ F there are disjoint sets 
U ETi,V G Tj such that x elf and F C F. 

Proposition 2.5. Let (F,t{,tQ be a BsS o/oBS (X,ti,t 2 ). TTien 

(1) 7/ F is (i, j) -regular, then Y is (i, j) -regular from inside in X 
and so, in every larger BS. 

(2) IfY is (i, j) -internally regular in X, then Y is (i, j)-regular in 
X from inside. 

Proof. (1) The condition is obvious since if F is (i, j)-regular, then any 
BsS of F is also (i, j)-regular. 

(2) Let F G cot^ F C F and let us prove that (F,t",t%) is 
(i, 7)-regular. If x G F, $ G corf, xG<3>, then x G F and $ G co Tj 
as F G coTj. Since x G F, $ C F, $ G coTj, iG$ and F is (i, j)- 
internally regular in X, there are U' G Tj, V G Tj such that x G £/', 
$ C V and [/' n y = 0. Let U — U' HF,V — V'd F. Then 
£/ G if, V G t", x G £/, <E> C £/ and [/ n V = 0. Thus (F, Tf , t£) is 
(7 ?)-regular. □ 

Note here that a real- valued function / : (X, ti,t 2 ) — > (7, a/) is 
F-(i, ?)-l.u.s.c. if it is («, j)-l.u.s.c. at each point y EY, where (F, r{, t 2 ) 
is a BsS of a BS (X,ti,t 2 ). 

Definition 2.6. Let (F,t(,tQ be a BsS of a BS (X,ti,t 2 ). Then 

(1) F is (i, j)-almost completely regular in X if for each point x G F 
and each set F G co r/, igF, there is a F-(j, i)-l.u.s.c. function 
/ : (X,ri,r 2 )->(/,w) such that /(x) = and /(F) c{l}. 

(2) F is (i, 7) -completely regular in X if for each point x G F 
and each set F G coTj, igF, there is a (j, i)-l.u.s.c. function 
/ : (X,ti,t 2 ) -> (7, a;) such that /(x) = and /(FnF) C {1}. 

(3) F is (i, j)-strongly completely regular in X if for each point 
x G F and each set F G co Tj, x G~F, there is a (j, i)-l.u.s.c. func- 
tion / : (X,T!,t 2 ) -> (J,w) such that /(x) = and /(F) C {!}. 
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Therefore, F is -strongly completely regular in X ==>- Y is 
completely regular in X =>- Y is (i, j)-almost completely regular in X. 

Proposition 2.7. A BsS (F, r[, r 2 ) of a BS (X, ri, r 2 ) zs (i,j)-almost 
completely regular in X if and only if for each point x <EY and any set 
U G Ti, x G U there is aY -{i, j)-l. u.s. c. function g : (X, Ti,t 2 ) — > (I, a>) 
suc/i t/iat </(:r) = 1 and g(X \ U) C {0}. 

Proo/. If P = X \ P, then P G co r* and F = P n F G co r/. Since 
iff and F is (i, j)-almost completely regular, there is a Y-(j, i)-l.u.s.c. 
function / : (X,n,r 2 ) -> (J, a;) such that /(x) = and f(F) C {1}. If 
g' = l-f, then : (X, ri,r 2 ) -> (J,u;) is F-(«, j)-l.u.s.c, = 1 and 
</(P) C {0}. Let = g'{x) at each point x E U and = at each 
point x £ P = X \ U. Then <? : (X, ri,r 2 ) — > u;) is F-(i, j)-l.u.s.c, 
= 1 and #(X \ P) C {0}. 
Conversely, let the condition be satisfied and x G F, F G cor/, 
xG~P. Then a;G~rjClP = P G coTj and so i G J7 = X \ P. Hence, 
by condition, there is a Y-(i, j)-l.u.s.c. function / : (X, Ti,r 2 ) — > (J, a;) 
such that f{x) = 1 and /(X \ U) C {0}. Clearly # = 1 - / is F-(j,i)- 
l.u.s.c, g(x) = and 

g(F) c <?(P) = 1 - /(P) = 1 - /(X \ P) = {1}, 

that is, Y is (i, j)-almost completely regular in X. □ 
Definition 2.8. Let (F,r/,r0 be a BsS of a BS (X,ri,r 2 ). Then 

(1) Y is p-quasi normal in X if for each pair of disjoint sets 
A G co T\ , P G cot 2 there are disjoint sets P G r 2 , V G t[ 
such that A n Y C P and B HY CV. 

(2) F is p-normal in X if for each pair of disjoint sets A G coti, 
B G cor 2 there are disjoint sets U E t 2 , V E ^ such that 
A n F C P and P n Y C F. 

(3) F is p- strongly normal in X if for each pair of disjoint sets 
A G cot[, B G coTg there are disjoint sets P <E r 2 , V <E r± such 
that A C P and P C V. 

(4) F is -supernormal in X if for each pair of disjoint sets 
A G cor/, P G coTj there are disjoint sets P G Tj,V G r, such 
that A C U and P C F. 

(5) F is (i, j)-WS-normal in X if for each pair of disjoint sets 
A G cor/, B G coTj there are disjoint sets P G rj, V G Tj 
such that A C U and BnFcV. 

(6) F is (i, j)-WS-supernormal in X if for each pair of disjoint sets 
A G cor/, B G cor,- there are disjoint sets P G rj, V G Tj such 
that A C U and P C F [9]. 
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In general, the p-normality of (Y, t[, r 2 ) in (X, Ti, t 2 ) does not imply 
the p-normality of (Y, t[,t£). Nevertheless, if (Y, t[,t'^) is p-normal in 
a R-p-Ti BS (X, ri, r 2 ), then (Y, r{, t 2 ) is p-regular. Indeed, let x G Y, 
F G co r/ and a; G~ F. Then a; G~ Tj cl F and by condition there are disjoint 
sets U(x) G n and C/(rj clF) G r,-. Clearly, Z7'(z) = U(x) D Y G t- and 
£/'(F) = C/(rjClF) fl Y G rj are also disjoint, and hence, (Y, t[,t 2 ) is 
p-regular. 

Proposition 2.9. Let (Y,t[,t^) be a BsS 0/ a BS (X,Ti,r 2 ). T/jen 

(1) Y is p-strongly normal in X if and only if for each set F G co t[ 
(F G cot^) and any neighborhood U ' (F) G r' 2 (U'(F) G t[) there 
is a neighborhood V(F) G r 2 (V(F) G Ti) suc/i i/ia£ r x cl V(F) fl 
Y C C/'(F) (r 2 cl V(F) fl Y C £/'(F)). 

(2) Y zs (i, j)-WS-supernormal in X if and only if for each set 
F G co t[ and any neighborhood U (F) G Tj there is a neighbor- 
hood V(F) G rj snc/i too* TicW(F) C 17(F). 

(3) Y zs (i, j)- supernormal in X if and only if for each set F G 
cot- and any neighborhood U(F) G Tj there is a neighborhood 
V(F) G ^ such that T iC \V{F) C 17(F). 

Proof. (1) Let, first, Y be p-strongly normal in X, F G corj and 
U'{F) G Then $ = (X \ U(F)) n Y, where 17(F) G t*, U(F) n Y = 
C/'(F), $ G 00T2 and Fn$ = 0. Hence there are V(F) G r 2 , Y($) G n 
such that n cl V(F) n Y($) = and so 

Y(F) C T\ cl Y(F) Cl\ V(&) c X \ $ = [/(F) U (X \ Y). 

Therefore, n cl Y(F) fl Y C C/'(F). 

Conversely, let the condition be satisfied, A G corj, B G cor^ and 
A n 77 = 0. Then A C Y \ B = C/'(A) G and by condition there is 
V(A) G r 2 such that n cl Y(A) n Y C £/'(A). Hence 

X \ [/'(A) c X \ (n cl V(A) n Y) = (X \ n cl V(A)) u (X \ Y) 

and so (X \ U'{A)) n Y C X \ r lC lY(A), i.e., 77 = Y \ [/'(A) C 
(X \ n cl Y(A)) = Y(77) G Ti and V(A) n V(B) = 0. 

The case in the brackets can be proved by the similar manner. 

(2) Let, first, Y be (i, ?)-WS-supernormal in X, A G cor/ and 
C/(A) G Tj. Then A n 77 = 0, where B = X \ U(A) G cor,-. Hence 
there are V(A) G rj, Y(77) G t l such that r i clV r (A) n V(B) = and 
thus 

V(A) c ^ cl V(A) C X \ V{B) cX\B = U(A). 

Conversely, let the condition be satisfied, A G cot-, B G cor, and 
A n B = 0. Then A C U(A) = X\B e Tj. Hence, by condition, there 
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is V(A) G rj such that nclV(A) C U(A). Therefore, 

B — X \ U(A) cX\r iC \ V(A) = V(B) G n 

and V{A) n V(B) = 0. 

(3) This proof is similar to the proof of (2) and can be omitted. □ 

Now, taking into account the topological version of (i, j)-strong nor- 
mality, given in [2], and the topological versions of (i, j)-WS-supernor- 
mality and (i, j)-supernormality, we come to 

Corollary 2.10. Let (Y,r') be a TsS ofaTS (X,r). Then 

(1) Y is strongly normal in X if and only if for each set F G 
cor' and any neighborhood U(F) G r' there is a neighborhood 
V(F) G r such that r cl V (F) n Y C U(F) . 

(2) Y is WS- supernormal in X if and only if for each set F G co r' 
and any neighborhood U(F) G r there is a neighborhood V(F) G 
t' such thatTdV(F) C U(F). 

(3) Y is supernormal in X if and only if for each set F G cor' and 
any neighborhood U(F) G r there is a neighborhood V(F) G r 
such thatrcW(F) C U(F). 

Definition 2.11. Let (Y,t[,t^) be a BsS of a BS (X,t 1 ,t 2 ). Then 

(1) Y is p-normal in X from inside if every p-closed in X BsS of Y 
is p- normal. 

(2) Y is p-internally normal in X if for each pair of disjoint subsets 
A,BcY, where A G corx and B G cor 2 , there are disjoint 
sets U G r 2 , V G n such that A Clf and BcV. 

(3) X is p-normal on Y if for each pair of disjoint sets A G coti, 
B e co r 2 , where A C n cl(A n F) and B C r 2 cl(S fl F), there 
are disjoint sets U E t 2 , V E Ti such that A C U and 5 C V. 

It is obvious that taking into account (4) of Definition 1.1, for a BsS 
(Y, t[, r 2 ) of a BS (X, ri, r 2 ) we have the following implications 

X is p-norm. => V is (i, j)-supcrnorm. in X > Y is (i, j)-WS-supernorm. inX 

v 

Y is (i, j')-WS-norm. in X 

V V V 

V is p-norm. in X < = "K isp-strong. norm, in X > V is p-norm. 




V isp-intcrn. norm, in X V isp-quasi norm, in X Y is p-norm. in X from ins. 
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Therefore, if Y is p-normal, then Y is p-quasi normal in any larger 
BS, but Y is not p-normal in a larger BS. Besides, any BsS Y of a 
hereditarily p-normal BS X is p-strongly normal in X and hence, Y is 
p-normal in X, Y is p-quasi normal in X, Y is p-internally normal in 
X and Y is p-normal in X from inside. 

Note also here that if X is R-p-Ti and p-normal on Y, then X is p-re- 
gular on Y, but X is not (1, 2)-strongly regular on Y nor 
(2, l)-strongly regular on Y. Indeed, if x G (X \ F) U (X \ Y), then 
{x} is not 1 -concentrated on Y nor 2-concentrated on Y. 

Remark 2.12. First, note that if F G cor^ in a BS (X,ti,t 2 ) and 
Y G X, then F is i-concentrated on Y if and only if there is a subset 
A C Y such that F = T; cl A [3] . Similarly, it is easily to see that if 
A G p-Cl(X), then A is p-concentrated on Y, that is, 

A c p-ci(;4 n y) = n ci(A n y) n r 2 d(A n y) 

if and only if there is a subset B CY such that A = p-cl B. Therefore, 
if A is 2-concentrated (p-concentrated) on an i-closed (a p-closed) sub- 
set y C X, then A C Y. Indeed, Acr, cl(A n7) (Ac p-c\(A n y)) 
implies that A C cl A n y (Acp-cUny) and so A C 7. 

Furthermore, if (y r^r^) is a BsS of a BS (X, ti,t 2 ) and y e 
p-Cl(X), then p-CZ(y) C p-Cl(X). Hence, for T e p-CZ(X) and for 
any set A C T n y we have A G p-C/(T n Y) A G p-Cl(Y). 

Indeed, let A = t[ cl A n cl A and y = n cl y n r 2 cl y . Then 

A = (nciAny) n (r 2 dAny) = 
= (n cl A n ti cl y n r 2 cl y) n (r 2 cl A n n cl y n r 2 cl y) = 
= T 1 c\Ar\r 2 cl A, 

i.e., p-CZ(y) C p-Cl(X). 

Now, let T G p-Cl(X). First, suppose that A G p-Cl{T n y). Since 
T G p-CZ(X), the set T n y G p-CZ(y). Hence, A G p-CZ(T n y) and 
TP y G p-Cl(Y) imply that A G p-Cl(Y). Conversely, if A G p-Cl{Y), 
then AcTnr implies that A G p-Cl(T n y). 

Proposition 2.13. Let (y,r{,r^) &e a BsS o/aBS (X,n,r 2 ). T/ien 

(1) 7/y zs p-normal, then Y is p-normal in X from inside and so 
it is p-normal from inside in every larger BS . 

(2) If Y G co Ti n cor 2 and Y is p-internally normal in X , then Y 
is p-normal in X from inside. 

(3) X is p-normal on Y if and only if for any pair of subsets 
A,Bc Y such that T\ cl A fl r 2 cl B = there are disjoint 
sets U G r 2; V G T\ such that T\ cl A C U and r 2 cl B C V . 
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Proof. (1) Let F G p-Cl(X) and F C F. Then F G p-Cl(Y) and since 
F is p-normal, by Corollary 3.2.6 in [8], F is also p-normal. 

(2) Let F C X, F G p-Cl(X) and F cY. Then F G p-CZ(F) and 
for A G co t" , B G co in (F, rf , r^), AnB = 0, by Lemma 3.2.5 in 
[8], there are A' G co t[ , B' G co r' 2 such that A'nB' = 1 i'nF = A 
and B' (~) F = B. Since F G co Ti fl cor 2 , it is obvious that A' G coti, 
B' G cor2 and hence, by condition, there are disjoint sets U' G r 2 , 
V G ri such that A' C C/' and 5' C V. Now, if [/ = U' n F, 
F = F'nF, then U G r£, F G rf , A C C/ and BcV. Thus (F, if, r£) 
is p- normal. 

(3) Let, first, X be p-normal on F, A, F C F and Ti cl AHr 2 cl B = 0. 
Then, by Remark 2.12, Fi = Ti cl A G cori, Fi is 1-concentrated on F, 
F2 = T2 cl F G co T2 and F2 is 2-concentrated on F. Since X is p-normal 
on F, there are disjoint sets U <E t 2 , V <E r± such that Fi — T\c\A<zU 
and F 2 = r 2 cl 5 C V. 

Conversely, let the condition be satisfied, F x G co T\ be 1-concentrated 
on F, F 2 G co r 2 be 2-concentrated on F and Fx flF 2 = 0. Then by Re- 
mark 2.12 there are A, B C F such that F x = r x cl A and F 2 = r 2 cl B. 
Hence, it remains to use the condition. □ 

Definition 2.14. Let (Y,t[,t^) be a BsS of a BS (X,t 1 ,t 2 ). Then 

(1) F is p-weakly realnormal in X if for every pair of disjoint sets 
A G cotx and B G cor 2 there is a (1, 2)-l.u.s.c. function 
/ : (Y,t[,t' 2 ) -> (J,w) such that /(A n F) C {0} and f(B n 
>0C{1}. 

(2) F is p-realnormal in X if for every pair of nonempty disjoint 
sets A G cotx and B G cor 2 there is a F-(l, 2)-l.u.s.c. function 
/ : (X,n,T 2 ) -> (7,w) such that /(A) = {0} and /(F) = {1}. 

(3) F is p-strongly realnormal in X if for every pair of nonempty 
disjoint sets A G cor{ and B G coTj there is a F-(l, 2)-l.u.s.c. 
function / : (X, Ti,r 2 ) — > (7, a;) such that /(A) = {0} and 

/(")-{!}• 

(4) F is p-super strongly realnormal in X if for every pair of non- 
empty disjoint sets A G corj and B G cor^ there is a (1,2)- 
l.u.s.c. function / : (X, Ti,t 2 ) — > (F^) such that /(A) = {0} 
and /(fi) = {1}. 

(5) X is p-realnormal on F if for every pair of disjoint sets A G co T\ 
and B G COT2 there is a (1, 2)-l.u.s.c. function / : (X,Ti,T2) — > 
(J, w) such that /(A n F) C {0} and f(B n F) C {1}. 

Proposition 2.15. For a BsS (F,r{,r^) 0/ a BS (X,n,T 2 ) £/ie /oZ- 
lowing conditions are equivalent: 
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(1) Y is p-realnormal in X . 

(2) For every pair of nonempty subsets A, B C Y , where T\ cl A fl 
t 2 c\ B = there is a Y-(l, 2)-l.u.s.c. function f : (X, Ti, r 2 ) — > 
(i» such that f(A) C {0} and /(£) C {1}. 

(3) For every pair of nonempty disjoint sets A G co ri and B E cot 2 
there is a Y-(l,2)-l.u.s.c. function f : (X, Ti,t 2 ) — > (/, a;) stic/i 
that f(A fl F) C {0} and f(B PlF) C {1}. 

Proof. (1) =>- (2) is obvious. 

(2) =>. (3). Let i G cori \ {0}, Becor 2 \ {0} and An B = 0. 
Then n cl(A n Y) C n cl A = A, r 2 01(5 n Y) C r 2 cl 5 = B and by (2), 
there is a F-(l, 2)-l.u.s.c. function / : (X, ti,t 2 ) — > (7, a>) such that 
/(A flF)c {0} and f(B flFjc {1}. 

(3) =>. (1). Let A G co Ti \ {0}, BGcor 2 \ {0} and A fl 5 = 0. 
Then there is a F-(l, 2)-l.u.s.c. function y2 : (X,t 1 ,t 2 ) — > (7,^) such 
that <£>(j4 n F) C {0} and ip(B n F) C {1}. Let us define a new 
function / : (X,n,r 2 ) -> (J, a;) as follows: /(A) = {0}, /(£) = {1} 
and f\ x \ (AuB) = vIx^aub)- Then ' it; is clear ' that ^ is ^-(1> 2)-l.u.s.c, 
and thus (3) =>> (1). □ 

Clearly, take place the following implications: 



Y is p-super strongly realnormal in X 




Y is p-realnormal in X 



Y is p-weakly realnormal in X 



The rest of the section is devoted to some special notions and results, 
which together with their applications have an independent interest 
too. 

First, let us prove an elementary, but very important 

Lemma 2.16. IfYe i-V(X) in a BS (X, T\ <s t 2 ) ; then for any 
set U G Ti we have Tj cl U = Tj c\(U fl Y). 

Moreover, ifY E d-V(X), then for each pair of disjoint sets U' G t 2 , 
V G t[, there is a pair of disjoint sets U G r 2; V G Ti such that 
UnY = U' andVHY = V . 
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Proof. Since T\ C t 2 , it is obvious that for Y G 2-D(X) we have 
nclU = ti(U n Y) for any set U G r 2 . 

If Y G l-P(X), U e Ti and x G r 2 cl[/, then for each [/(x) G r 2 
we have U(x) H U G r 2 \ 0. Since T\St 2 , by (2) of Theorem 2.1.5 
in [8], nmt(U(x) f] U) ^ and so n int (U(x) fl [/) fl 7 ^ as 
y G 1-£>(X). Hence, C/(x) H(UnY) ^ and thus, x G r 2 cl(C/ n Y) 
so that r 2 cl U = r 2 cl(Z7 fl Y) for any U E t±. 

Now, let [/' G V G r{ and [/' n V = 0. Let U" G r 2 , V G n 
and [/" n y = C/', l/"ny = V. By the first part, 

= u 1 n T2 cl v' — u 1 n (r 2 cl VnY) = 
= u' n (r 2 ci(y" n y) n y) = c/' n (r 2 cl v" n y) 

and similarly, = V D (ticIC/" nF). Let C/ = £/" \ r 2 cl\/" and 
y = V" \ n cl 17". Then U e t 2 ,V e n, U HV = andU HY = U', 

vnY' = v. □ 

Note also here, that if ^ A G (i,j)-CV(X) in (X, n < 5 r 2 ) 
and y G j-T>(X), then A is i-concentrated on y. Indeed, let A = 
Tj cl Tj int ^4 7^ 0. Then TjintA 7^ and since Y G j-V(X), by 
Lemma 2.16, r, cl Tj int A — Ti cl (r^ int Any) , i.e., A = Ti cl(r.,- int Any). 
Hence 

A C n cl (r, cl int ACiY) — n d(A n y). 

Definition 2.17. A BS (X, Ti, r 2 ) is (d, p)-densely normal if there is 
a BsS (y r{, r 2 ) of X such that Y G d-V(X) and X is p-normal on Y. 

Following [22], a BS (X, Ti, r 2 ) is p-middly normal if for every pair of 
disjoint sets A G (1, 2)-CV(X) and 5 G (2, l)-CV(X) there are disjoint 
sets U e r 2 , V e n such that A C U and 5 C V. 

Proposition 2.18. Every (d,p) -densely normalBS (X, T\ <s t 2 ) 
p-middly normal. 

Proof. Let A = Ti cl r 2 int A, B = r 2 cl Ti int B and AnB = 0. Follow- 
ing condition, there is a subset Y G d-V(X) such that X is p-normal 
on y. By the remark before Definition 2.17, A C Ti cl(-A fl Y) and 
77 C r 2 cl(B fl y), i.e., A and 77 are respectively 1- and 2-concentrated 
on y. Since X is p-normal on Y, there are U E t 2 , V £ t± such that 
A C U and Be V. □ 

Remark 2.19. If V G i-F a {X) in a BS (X,n,T 2 ) and F G cor/ in 

00 

(y, r{, r 2 ), then F G i-J>(X). Indeed, let y = \J $ fe , where $ fe G cor^. 

fc=i 
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Since F G cor/, there is T G cor^ such that T fl F = F. Hence 

oo 

F= \J(<z> k nT)ei-F a (x). 
k=i 

Lemma 2.20. Let A\, A 2 are subsets of a BS (X, ti,t 2 ) and there 
are countable families U\ = {Ul} k x L 1 C T\, IA2 = C r 2 suc/i 

that 

00 00 

k=l k=l 

A 1 fl Ti cl U% — and A 2 fl r 2 cl C/^ = 0, /or eac/i /c = 1, 00. (*) 

Then there are U\ G t\, U 2 G r 2 snc/i £/ia£ Ai C C/j and U\C\ U 2 — 0- 

k-l 

Proof. Let = U\, V k l = Ul\ \J n cl U%, k = 2, 00 and 

n=l 

fe 

^ 2 = ^ 2 \U T 2 Clf/ - fe = I^- 
n=l 

The sets V k l and V fc 2 are respectively 1-open and 2-open for each k = 
00 00 

1, 00. Hence U\ — (J V k G Ti, C/ 2 = U V k G r 2 and by (*), we have 

k=l k=l 

A 1 C Ui and A 2 C C/ 2 . 

Finally, by construction, if £ > k, then 

Vl n v? = (Ul \ (n cic/ 2 u • • • un dE/^J) n 

n (P £ 2 \ (r 2 cl U • • • U r 2 cl Ul U • • • U r 2 cl [//)) C 

c ul n (c/ 2 \ t£) = 0, 

and if £ < k, then 

n 1 nV/ = (f/ fc 1 \(r 1 clf/ 1 2 U---Ur 1 clf/ £ 2 U---Ur 1 clf/ 2 _ 1 ))n 
n (f/ £ 2 \ (r 2 cl E^ 1 U • • • U r 2 cl [//)) C 

c (ul \ uf) n ul = 0. 

Thus, I4 1 n If = for each k and £ and so ^ n (/ 2 = 0. □ 

Lemma 2.21. // (X,t 1 ,t 2 ) is a p-normal BS, P G l-J r a (X), Q G 
2-J r a (X) and (ti cl P fl Q) U (P fl r 2 cl Q) = 0, then there are disjoint 
sets U G r 2; V G 7i sfic/i £/iai P C U and Q C V . 



Proof. Let P = (J P fe , where F k G cor! for each k — l,oo. By 

fe=i 

condition, P fl r 2 cl Q = and so, fl r 2 cl Q — for each A; = 1, 00. 
Since (X, r 1? r 2 ) is p-normal, by (4) of Definition 1.1, for each k — 1, 00 
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there is JJ\ E r 2 such that F k C £/| and T\ cl D r 2 cl Q = 0. It 

oo 

is obvious that P C U U k . Similarly, one can construct a countable 

k=i 

oo 

family {Ul}f =1 C r x such that Q C (J E/£ and r 2 cl ^fln cl P = for 

fc=i 

each = 1, oo. Hence, by Lemma 2.20, there are disjoint sets U E r 2 , 
Veri such that P C C/ and Q C V. □ 

Proposition 2.22. If Y E l-f ff (I) fl 2-^(1) and (X,n,r 2 ) 
p-normal, then (Y, t[, r 2 ) zs p-strongly normal in X . 

Proof. Let A E cot[, B E co r 2 and AnB = 0. Then 

(ti clinB)U(inr 2 cl £) = 0. 

Moreover, by Remark 2.19, A G \-T„{X) and 5 G 2-^(X). Hence, by 
Lemma 2.21, there are disjoint sets U E t 2) V E t\ such that A C U 
and B CV. □ 

Let us show, that if Tj C j-J- a (X) in a BS (X, Ti,r 2 ), then for any 
BsS (y,r{,T^) we have r[ C Indeed, let U' E r[. Then there 

is U E Ti such that 

oo oo 

u' = unY= \jF k nr = \J(F k nY), 

k=l k=l 

where F k fl Y E co rj for each = 1, oo, and so r/ C j-T a {Y). Hence, 
take place 

Proposition 2.23. Every BsS of an (i, j) -perfectly normal BS is 
(i, j) -perfectly normal, where by [16], (X, Ti,t 2 ) is (i, j) -perfectly nor- 
mal if it is p-normal and Ti C j-T a {X). 

The reasonings below we come to the new type of bitopological sep- 
aration axioms. 

A double family is a pair of families A = {A\, A 2 }, where Ai C 2 X . 

Definition 2.24. In a BS (X,t 1 ,t 2 ) a double family A = {Ai,A 2 } 
is said to be d A p-discrete if each point x E X has as a neighborhood 
U(x) E T\ so a neighborhood V(x) E t 2 each of which intersects at 
most one set from A. A double family A = {Ai,A 2 } is Wp-discrete 
if each point x E X has a neighborhood U(x) E T\ that intersects at 
most one set of A 2 or has a neighborhood V(x) E r 2 that intersects at 
most one set of A\. 

It is obvious that if A = {Ai,A 2 }, is d A p-discrete, then A± and 
A 2 are discrete in the usual sense and A is d A p-disjoint, that is, if 
Ai E Ai, A 2 E Ai U ^4 2 and A x ^ A 2 , then Ai n A 2 = 0. 
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Definition 2.25. A family T = {F s } seS (W = {U s } se s) of subsets 
of a BS (X, r 1 ,r 2 ) is said to be p-closed (p-open) if T C cori U cot 2 
(U CnU r 2 ) and (coTj \ {0}) ^ n (n \ {0}) ^ 0). 

Hence, J- = {F s } s€S (W = {U s } sl =s) is a double family T = {^Fi, T * 2 } 
(U = {Wi,W 2 }), where T x = {F s } seSl C cori, F 2 = {F s } s es 2 C cor 2 
(Mi = {f/ s } se5l C ri, U 2 = {U s } seS2 C r 2 ) and S 1 US 2 = S. 

Definition 2.26. A BS (X,ti,t 2 ) is said to be p-collectionwise 
normal if it is R-p-Ti and for every p-closed d A p-discrete family 
T = {F±,tF 2 }, where Ti = {F s } se s, C corj, there exists a p-open 
d A p-disjoint family U = {Wi,W 2 } such that Ui = {U s } se s :i C 7* and 
F s C U s for each s G S. 

Clearly, every p-collectionwise normal BS is p-normal. 

Theorem 2.27. In a p-collectionwise normal BS (X, T\, r 2 ) for any 
p-closed d A p-discrete family J- = {J-i,^F 2 }, where J~i = {F s } se Si C 
cor i; there exists a p-openW p-discrete family V = {Vi, V 2 } such that 
Vi = {V s } seSj C Ti and F s C V s for each s G S. 

Proof. We have T = {^1,^2}, where T\ = {F s } seSl C cori, 
^ 2 = {F s } s6 s 2 C cor 2 , and by Definition 2.24, T\ is 1-discrete, T 2 is 
2-discrete. By Definition 2.26, there exists a p-open rfAp-disjoint family 
U = {Ui,U 2 }, where Ui = {U s } se Sj C Tj and F s C U s for each s G S. 
Following Theorem 1.1.11 in [10], 

Fi= |J F.Gcoti, F 2 = |J F s G cor 2 

and since (X, Ti, r 2 ) is p-normal, 

Fi n $ 2 = = F 2 n $1, where = (x \ (J C/ s ) G cor i? 

there are neighborhoods U(<&i) G Tj such that 

F 1 n r 2 cl£/($ 2 ) = = F 2 n TiclC/($i). 

Let V = {Vi, V 2 }, where V, = {K = U s \n cl : sG5,-}. Then, 

it is clear that F s C K for each s G 5 and (J C/ s ) = X. 

seSj 

It remains to prove only, that the p-open d A p-disjoint family 

V = {Vi,V 2 } = 

= {{V s = U s \t 1 c\U(<£> 1 ) : S gS 2 },{V/ s = C/ s \t 2 c1C/($ 2 ) : seSi}} 
is W p-discrete. 
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Indeed, let, first, x G Then x G £/(<&») G Tj and C\V s = 

for each s G Sj. If x G (J C/ s , then x G C/ So G for some s G Sj. Since 

seSj 

U = {i/i, W 2 } is d A p-disjoint, we have U So C\U S — for each s £ Si 
and by determination of the double family V = {Vi, V2}, U So (~)V s = 
for each s G Si. 

Thus, by Definition 2.24, the p-open family V = {Vi,V2} is 
Wj9-discrete. □ 

Definition 2.28. A BS (X, ti,t 2 ) is said to be (i, j)-separately 
normal if for each pair of disjoint sets A, B G cofj there are disjoint 
sets U,Ve Tj such that Ac U and B C U. 

It is evident that every p-collectionwise normal BS (X, ti,t 2 ) is 
p-separately normal. 

Proposition 2.29. A BS (X, ri,r 2 ) is (i, j)- separately normal if 
and only if for every set A G co r, and every neighborhood U(A) G 
£/jere is a neighborhood V(A) G r,- s«c/i £/ia£ Tj cl V(A) C 

Proof. Let, first, X be (i, j)-separately normal, i G cor, and U(A) G 
Tj. Then A H B = 0, where B — X \ U{A) G cot^ and so, there are 
V(A), V(B) G Tj such that Tj cl V(A) n V^(S) = 0. Hence 

rj cl V{A) cX\ V(B) cX\B = U(A). 

Conversely, let the condition is satisfied, A, B G coTj and AnB = 0. 
Then A d X \B = U(A) e n and hence, there is V(A) G Tj such that 
Tj cl C C/(A) = X \ B and thus, B C X \ Tj cl = G r,, 

Clearly, n V(B) = 0. □ 

For a BS (X, T\ < r 2 ) take place the following implications: 
X is (2, l)-separately normal => X is 2-normal 

X is 1-normal => X is (1, 2)-separately normal 



X is j9-normal 

Moreover, by (4) of Corollary 2.2.8 in [8], for a BS (X, n <c t 2 ) we 
have 



X is (2, l)-sep. normal : 



=> X is 2-normal 



X is p-normal 



» X is (l,2)-sep. normal, 
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and by (4) of Corollary 2.3.13 in [8], for a BS (X, t\ <n T2) we have 
X is (2, l)-separately normal > X is 2-normal 

X is 1-normal < = X is p-normal 

■J ' 

X is (1, 2)-separately normal. 

Definition 2.30. Let (Y,r[,r^) be a BsS of a BS (X,ri,r 2 ). Then 

(1) Y is («, j')-quasi separately normal in X if for each pair of dis- 
joint sets A, B G cotj there are disjoint sets U, V G rj such 
that A n Y C C/ and 5 n Y C V. 

(2) y is -separately normal in X if for each pair of disjoint 
sets A, B G corj there are disjoint sets U, V G Tj such that 

A n y c u and b n y c v. 

(3) y is (i, j ) -strongly separately normal in X if for each pair of 
disjoint sets A, B G cor/ there are disjoint sets U, V G Tj such 
that A C U and £ C V. 

(4) y is (i, j)-separately supernormal in X if for each pair of disjoint 
sets A G cor-, B E coTi there are disjoint sets U, V G Tj, such 
that A C U and £? C V. 

(5) y is (i, j)-WS-separately normal in X if for each pair of disjoint 
sets A G cor/, £> G corj there are disjoint sets C/ G rj, F G Tj 
such that AcU and 5nFcV. 

(6) y is (i, j)-WS-separately supernormal in X if for each pair of 
disjoint sets A G cor/, B G corj there are disjoint sets C/ G rj, 
y G Tj such that A C U and BcV. 

It is clear that if (Y, r{, r^) is a BsS of a BS (X, ri, r 2 ), then 

X is (i , j)-sep. norm. 

y Geo ^ 

y is ( i, j)-sep. supernorm. in X > Y is (i, j)-strong. sep. norm, in X 

V V 

Y is (i, j)-WS-sep. supernorm. in X Y is (i, j)-sep. norm, in X 



Y is (i, j)-WS-sep. norm, in X 



Y is (i, j)-quasi sep. norm, in X. 
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By analogy with Proposition 2.9 one can prove 

Proposition 2.31. Let (Y, t[, t 2 ) be a BsS of a BS (X,ti,t 2 ). Then 

(1) Y is (i, j)- strongly separately normal in X if and only if for 
each set F G cor- and any neighborhood U'(F) G r[ there is a 
neighborhood U{F) G Tj such that Tj clV(F) n Y C U'(F). 

(2) Y is (i, j)-'WS>- separately supernormal in X if and only if for 
each set F G cor/ and any neighborhood U(F) G Tj there is a 
neighborhood V'(F) G rj such that Tj c\V'(F) C U(F). 

(3) Y is (i, j)- separately supernormal in X if and only if for each 
set F G co t[ and any neighborhood U (F) G Tj there is a neigh- 
borhood U(F) G tj such that Tj dV(F) C C/(F). 

Definition 2.32. A BS (X,t 1 ,t 2 ) is -separately regular if for 
each point x G X and each set F G corj, xgF, there are disjoint sets 
[/, V G r,- such that x eU and FcV. 

Proposition 2.33. A BS (X, r 1 ,r 2 ) is (i, j)- separately regular if and 
only if for each point x G X and any neighborhood U(x) G Tj i/iere a 
neighborhood V(x) G snc/i i/iai Tj cl V(x) C C/(x). 

The proof is similar to the proof of Proposition 2.29. 
Clearly, if (X, Ti, r 2 ) is i-T ± , then (X, ri, r 2 ) is (i, j)-separately normal 
implies that (X, Ti,r 2 ) is (i, j)-separately regular. 
Take place the following simple but important 

Theorem 2.34. If a BS (X, ti,t 2 ) is p-separately regular, then 
(X, Ti) is Baire if and only if (X, r 2 ) is Baire. 

Proof. If (X, Ti, r 2 ) is p-separately regular, then it follows immediately 
from Proposition 2.33 and (1) of Theorem 2.1.5 in [8] that tiSt 2 . Hence, 
it remains to use Proposition 3.4 in [25]. □ 

Therefore, all results from [8] and [25], which are connected with 
S'-related topologies, are also correct for p-separately regular bitopo- 
logical spaces. 

Below we give the relative versions of bitopological separate regular- 
ity. 

Definition 2.35. Let (Y,t[,t^) be a BsS of a BS (X,ti,t 2 ). Then 

(1) Y is (i, j)-WS-quasi separately regular in X if for x G Y, F G 
co Tj and x G F, there are disjoint sets U, V G r'- such that x G U 
and F (1Y cV. 
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(2) F is (i, j)-separately regular in X if for x £ Y, F £ co Tj and 
xeF there are disjoint sets U, V £ Tj such that x £ U and 

FnFcF. 

(3) F is (i, j ) -strongly separately regular in X if for x £ Y, 
F £ cot- and x£F there are disjoint sets U, V £ Tj such 
that x £ U and F cV. 

(4) F is (i, j)-separately superregular in X if for x £ Y, F £ cor, 
and x£ F there are disjoint sets U, V £ Tj such that x £ U and 
F C V. 

(5) F is (i, j)-WS-separately regular in X if for x £ Y, F £ cot,; 
and x£F there are disjoint sets U £ rj, V £ Tj such that x £ U 
and F n Y C V. 

(6) F is (i, j)-WS-separately superregular in X if for x e F, 
F G coTj and rrG-F there are disjoint sets U £ Tj, V £ Tj 
such that x £ U and F C F. 

(7) F is (i,j)-free separately regular in X if for x £ X, F G co Tj 
and x G"F there are disjoint sets U, V £ Tj such that x £ U and 
F n F C V. 

It is evident that if (F, r^r^) is a BsS of a BS (X, ti,t 2 ), then the 
following implications hold: 

X is (i, j)-sep. reg. > Y is (i, j)-free sep. reg. in X 

Y is (i, j)-sep. superreg. in X 




F is («, j)-WS-sep. superreg. in X Y is (i, j)-strong. sep. reg. in X 

V v 

F is (i, j)-WS-sep. reg. in X < = F is (i, j)-sep. reg. in X 

Y is (i, j)-WS-quasi sep. reg. in X 
Take place 

Proposition 2.36. Let (F, t[, t£) be a BsS of a BS (X, T\, r 2 ) . T/ien 

(1) F (i, j) -strongly separately regular in X if and only if for 
each point x £ Y and any neighborhood U'(x) £ t[ there is a 
neighborhood V(x) £ Tj such that Tj c\V(x) fl F C U'(x). 
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(2) Y is (i, j) -WS-separately superregular in X if and only if for 
each point x G Y and any neighborhood U(x) G there is a 
neighborhood V'(x) G rj such that Tj c\V'(x) C U(x). 

(3) Y is (i, j)- separately superregular in X if and only if for each 
point x G Y and any neighborhood U (x) G Tj there is a neigh- 
borhood V(x) G Tj such that Tj cl V(x) C U(x). 

The proof is analogical to the proof of Proposition 2.3 and can be 
omitted. 

Corollary 2.37. A TsS (F, r') of a TS (X, r) is strongly separately 
regular (respectively, WS-separately superregular, separately superregu- 
lar) in X if and only if for each point x G Y and any neighborhood 
U'(x) G t' (respectively, U(x) G r) there is a neighborhood V(x) G r 
(respectively, V'(x) G r' , V(x) G r) such that rc\V(x) fl F C U'(x) 
(respectively, rclV(x) C U(x), rc\V(x) C £/(X)). 

Hence, it follows immediately from the remark before Definition 2.4 
and Corollary 2.37 that if (Y, r') is a TsS of a TS, then F is strongly 
regular (respectively, WS-superregular, superregular) in X if and only 
if F is strongly separately regular (respectively, WS-separately super- 
regular, separately superregular) in X. 

At the end of the section let us consider the bitopological and topo- 
logical versions of relative extremal disconnectedness and relative con- 
nectedness. 

Proposition 2.38. A BS (X, Ti, t 2 ) is p-connected if and only if for 
each AcX,0^A^X,we have (l,2)-FrA ^ ^ (2, l)-FrA 

Proof. Clearly, (l,2)-FrA = if and only if A G r 2 H cotl and 
(2, l)-FrA = if and only if A G T\ l~l cor 2 . Hence, it remains to 
use (7) of Definition 1.1. □ 

Definition 2.39. A BsS (Y,t[,t' 2 ) of a BS (X,ti,t 2 ) is (i,j)-extre- 
mally disconnected in X if Tj cl [/' G Tj for each set U' G r/. 

Clearly, if F G Tj and X is (i, j)-extremally disconnected, then F is 
(i, j)-extremally disconnected in X and so, by reasonings after Defini- 
tion 0.1.18 in [8], if F G T\ D r 2 , then the following three conditions 
are equivalent: F is (1, 2)-extremally disconnected in X, Y is (2, 1)- 
extremally disconnected in X and F is p-extremally disconnected in X. 

Definition 2.40. A TsS (F, r') of a TS (X, r) is extremally discon- 
nected in X if r cl U' G r for each set U' G r'. 

Clearly, if X is extremally disconnected and F G r, then F is ex- 
tremally disconnected in X. 
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Proposition 2.41. If (Y,t[,t 2 ) is a (1,2) -extremally disconnected 
or (2,1) -extremally disconnected BsS of a p-connected BS (X, r 1 ,r 2 ) ; 
then Y is p-connected too. 

Proof. Contrary: Y is not p-connected. Then Y = A U B, where 
A G (t[ n co t' 2 ) \ {0}, B G (t' 2 n co t[) \ {0} and A n B = 0. Let, for 
example, Y is (2, l)-extremally disconnected in X. Then Tic\B G t 2 , 
Ti cli? 7^ X as Ti cli? fl A = and so, by (7) of Definition 1.1, X is 
not p-connected. □ 

Corollary 2.42. // (Y, r') an extremally disconnected TsS o/ a 
connected TS X, £/ien F connected too. 

However, we have the following elementary 

Example 2.43. Let X = {a, b, c, d, e}, r = {0, {a}, {a, 6}, {a, 6, c}, 
{d, e}, {a, d, e}, {a, 6, d, e}, X} and Y = {a, b, c}. Then t' — {0, {a}, 
{a, 6}, F}, (F, r') is connected, F is extremally disconnected in X and 
X is disconnected. 

Proposition 2.44. If (X,t 1 ,t 2 ) is a p-connected p-Tychonoff BS 
which contains more than one point, then \X\ > c, where c is the 
cardinality o/R. 

Proof. Let X be a p-Tychonoff BS, xi, x 2 G X, X\ 7^ x-i. Since X is 
R-p-Ti, by (3) of Definition 1.1 and Proposition 0.1.4 in [8], there is a 
d-continuous function / : (X, r 1 ,r 2 ) — > (J,^,^) sucn that /(^l) = 
and /(a^) = 1. Since X is p-connected, by (7) of Definition 1.1, the 
function / has the Darboux property and hence, I C f{X). Thus 
|X| > c. □ 

Definition 2.45. A BsS (F, r[, t 2 ) of a BS (X, Ti, r 2 ) is p-connected 
in X if for each set A C X, ^ A ^ X, we have (1, 2)-Fr A fl F ^ 
^ (2,l)-FrAnF 

Proposition 2.46. If (Y,t[,t' 2 ) is a BsS of a BS (X,ti,t 2 ) and F 
is p-connected in X, then X is p-connected. Moreover, ifYEriH r 2 , 
then Y is p-connected too. 

Proof. The first part follows directly from Definition 2.45 and Propo- 
sition 2.38. Now, let F G n n r 2 and A C F, 7^ A 7^ F. Then 
^ A^ X and since F G Ti fl t 2 , (i, j)-Fr A n F = (i, j)-Fr y A. Thus, 
it remains to apply once more Proposition 2.38. □ 

Corollary 2.47. If(Y,r') is a connected TsS of a TS (X, r), i.e., if 
7^ A 7^ X implies that Fr AflF 7^ 0, inen X is connected. Moreover, 
ifYEr, then Y is connected too. 
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3. (i, j)-Relative Regularities 

From Definition 2.2 it follows immediately 

Proposition 3.1. If(Z,T?,r%) C (Y,t[,t^) C (X,t 1 ,t 2 ), then 

(1) IfY is (i, j)- quasi regular (respectively, (i, j) -regular, (i, j)- stron- 
gly regular, (i, j)-superregular, (i, j)-WS-regular, (i, j)-WS-su- 
perregular, (i,j)-free regular) in X, then Z is also (i, j)-quasi 
regular (respectively, (i, j) -regular, (i, j) -strongly regular, 
(i, j)-superregular, (i, j)-WS-regular, (i, j)-WS-superregular, 
(i,j)-free regular) in X . 

(2) If Z is (i, j)- quasi regular (respectively, (i, j) -regular, (i, j) -stron- 
gly regular, (i, j)-superregular, (i, j)-WS-regular, (i, j)-WS-su- 
perregular, (i,j)-free regular) in X, then Z is also (i,j)-quasi 
regular (respectively, (i, j) -regular, (i, j)- strongly regular, (i,j)- 
superregular, (i, j)-WS-regular, (i, j)-WS-superregular, 
(i,j)-free regular) in Y. 

Proposition 3.2. // (Y,r[ < t' 2 ) is a j-dense BsS of a BS 
(X, T\ < s t 2 ), then Y is (i, j)-regular if and only if Y is (i, j)-regular 
in X . 

Proof. Let, first, Y be (i, j)-regular in X, x G Y, F e cor/ and xEF. 
Since xE t { clF G coTj, there are disjoint sets U G T;, V G Tj such that 
x G U, n cl F n Y = F C V. It is clear, that x G U' = U n Y G r/, 
F C V — V fl Y G r'j and so Y is (i, ^-regular. 

Conversely, let Y be (i, ^-regular, i e F, F G cor; and xEF. 
Then there are disjoint sets [/" G r/, V' G rj such that x G C/" and 
F n y C V . Clearly [/" n r[ cl V = 0. Let U' E r u V E tj such that 
U' n y = U" and y n y = V. Then, by Lemma 2.16, 

= c/' n t[ cl y = c/' n t[ ci(y n y) = c/' n ci(y n y) n y) = 
= c/' n (r.civny). 

Let U = U'\n c\V = U'\(n cl V\Y). Then x G U E n, Ff]Y cV CV 
and U C\V = 0. Thus y is (i, j)-regular in X. □ 

Corollary 3.3. //(y, r{ < t' 2 ) is a 2-dense BsS o/aBS (X, n < r 2 ), 
then Y is (1, 2)-regular if and only if Y is (1, 2)-regular in X . 

Proof. Indeed, it suffices to note that by the first part of Lemma 2.16, 
n cl U = ri cl(C/ n Y) for any set U E r 2 . □ 
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Proposition 3.4. If (Y, t[,t 2 ) is an (i, j)-superregular BsS in a BS 
(X, t±, r 2 ), A is an i-compact subset of Y , B G co r[ and A fl B = , 
then there are disjoint sets U G Tj ; V G Tj sncn inat A C U and B C V . 

Proof. Since A, 5 C F and A n 5 = 0, we have A n n cl 5 = 0. 
Moreover, as F is (i, j)-superregular in X, for each point x e A there 
are disjoint sets U(x) G Tj and UxfaclB) G r,-. Since Ac [_} (U(x) C\ 

Y) and A is i-compact in F, there are xi, x 2 , ■ ■ ■ , x n G A such that A C 
U n F). Finally, if C/ = (J C/(x fe ) and F = f| U Xk (r t c\B), 

k=l k=l k=l 

then U £ Ti, V £ Tj , A C U , B C V and U C\V — 0. ' □ 

Corollary 3.5. If (X,t 1 ,t 2 ) is (i, j) -regular, (Y,t[,t 2 ) is a BsS of 
X, A is i-compact in Y , B G cor/ and A H B = 0, then there are 
disjoint sets U G Ti, V G Tj such that A C U and B C V . 

Proof. The condition is obvious since F is (i, j)-superregular in X. □ 

Proposition 3.6. A BsS (F, r{, r^) is (i, j) -regular in a BS (X, Ti, r 2 ) 

i/ and on/y i//or eac/j point x G F and eaca set F G co r/ ; x^F, there 
is a set U G r« snc/i iaai x G £/ and TjclU fl F = 0. 

Proof. Let, first, F be (i, j)-regular in X, x G F, F G cor/ and xEF. 
Then xeYjClF and hence, there are U G Tj, V G r,- such that x £ U, 
n cl F n F = F C F and U n F = 0. Clearly, 

Tj cl C/ n y = and so TjdU f] F = 0. 

Conversely, let the condition be satisfied, x G F, F G cor^ and xEF. 
Then rr G F fl F = F' G cor- and by condition, there is U G r 8 such 
that x G U and cl C/ n F' = 0. Let V — X \ Tj cl [/. Then V G r,-, 
F'C V and U <1V = 0. Thus F is (i,,?) -regular in X. □ 

Proposition 3.7. If (Y : t[,t 2 ) is (i,j)-WS-superregular in X and 
(i,j)-extremally disconnected in X, then (i,j)-ind x X = for each 
point x G F . 

Proof. Let x G F be any point and £/(#) G Ti be any neighborhood. 
Since F is (i, j)-WS-superregular in X, by (2) of Proposition 2.3 there 
is V'(x) G t[ such that Tj clV'(x) C C/(x). But F is (i,j )-extremally 
disconnected in X and hence, V(x) = Tj clV'(x) G 7*. Thus V(x) G 
rj fl cor,- and so (i, j)-md x X = 0. □ 

Corollary 3.8. // (F, r') is WS-superregular in X and extremally 
disconnected in X , then m.d x X = /or each point x G F . 
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4. (i, j)-Relative Normalities 

Proposition 4.1. Let (Z,t'{ } t' 2 ) C (Y,t j 1 ,t j 2 ) C (X,t 1 ,t 2 ). Then 

(1) F zs p-normal implies that Z is p-quasi normal in X , and Y is 
p-normal in X implies that Z is p-normal in X too. 

(2) IfY G T\ U r 2; then Z is p-strongly normal in Y implies that Z 
is p-strongly normal in X . 

(3) If Y e d-V(X), T\ <s t 2 and Z is p-internally normal in Y , 
then Z is p-internally normal in X . 

Let (F,Tf ,rf ) C (Fi,7fX) C (X u r[y 2 ) C (X,r u r 2 ). Then 

(4) Y\ is p-quasi normal in X\ implies that Y is p-quasi normal 
in X . 

Proof. (1) Let, first, A e con, B e cor 2 and A H B = 0. Then 
AC\Y G cor(, B C\ Y G cot 2 are disjoint and so, there are disjoint 
sets U' G r 2 , V G t[ such that A(~)Y (Z U' and B (~)Y (Z V. It is 
evident that AC\Z <zU G r 2 and BC\Z dV e r", where U = U" D 
y = rnz and f/"ny = [/', v"ny = V for B" G r 2 , V' G rf . 
The second condition is obvious. 

(2) Now, let Y G t ± Ut 2 , A G corf, B G cor£ and A(~)B = 0. Hence, 
by condition, there are disjoint U' G r 2 , V G r( such that Ac(/' and 
B C V". Let, for example, Y G 7i. Then V G 7i and if U G r 2 , 
UHY = U', then we have A C B, B C V and B n V = 0. Thus, Z 
is p-strongly normal in X. 

(3) Let A G con, 5 G cor 2 , A, B C Z and AflB = 0. Since 
A G cot(, B G cor 2 and Z is p-internally normal in Y, there are 
disjoint sets U" G r^, V" G t[ such that A C U" and 5 C V". 

Therefore, by the second part of Lemma 2.16 there are disjoint sets 
B G r 2 , V G T\ such that A C U and B C F so that Z is p-internally 
normal in X. 

(4) Finally, let A G co n, B G co r 2 and AnB = 0. Then 

Ai = A n Xl G co t[ , B x = B n Xi G co r 2 

and by condition, there are disjoint U' G r 2 , V G rf such that AiHYi C 
B' and Bi n Y 1 C V. It is clear, that 

A n Y = {A 1 n Fi) n Y C B G t 2 , 

b n y = (Bi n y) n y c y g r{, 

where U = U' DY and V = V D Y . Thus y is p-quasi normal in X. □ 

Our next purpose is to establish the conditions under which the 
converse implications to the implications after Definition 2.11 hold. 
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Lemma 4.2. If in a BS (X, Ti,t 2 ) for every pair of disjoint sets 
A G cot 1; B G cot 2 and every pair of sets U E t 2 , V E Ti, where 
A C U and B C V , there are sequences {U n }™ =1 C r 2 , {V n }^ =1 C T\ 
such that 

oo oo 

Ad\JU n , B c(JV n , n cl C/ n C C/ and r 2 cl V n C V 

n=l n=l 



for each n = 1, oo, iaen X zs p-normal. 

Proof. Let A G con, B G cor 2 and A n B = 0. If [/ = X \ B G r 2 
and V = X \ A G Ti, then A C U, B C V and, by condition, there are 
sequences {t/n}^ C r 2 , {14}^=i C Ti such that 

oo 

A C U n and 75 n T\ cl C/„ = 0, for each n = 1, oo, 



n=l 



and 



£> C V n and A fl r 2 cl V n = 0, for each n = 1, oo. 



n=l 



Let us consider for each k — 1, oo the sets: 

G fe = t4\U r 2 cl ^> ^, = \4\|J r i c1 ^- (**) 



Then G r 2 , if fe G Ti for each k — 1, oo. Moreover, by (*), 

oo oo 

A c [J G fc = G and 5 C \J H k = H. 



k=l k=l 



By (**), G k n V e = for £ < k and, hence, G fe n H e = for £ < k. 
Similarly, H t H C/ fe = for fc < £ and so H e n G fc = for fc < £ Thus 
Gk ri Hi = for each /c = 1, oo, i = 1, oo and, hence, G fl H = 0. 
Since AcG and B C H, X is p-normal. □ 

Definition 4.3. We say that a BsS (Y, r{,r 2 ) is (i, ^-perfectly lo- 
cated in a BS (X, ti,t 2 ) if for each set U E Tj, Y C U, there is a 

oo 

countable family {F n }™ =1 C cot^ such that F C (J F n C £/. 

?1=1 

Theorem 4.4. Lei (F, r(,r 2 ) fre a p-quasi normal BsS o/ a BS 
(X, ri,r 2 ). Tnen the following conditions are satisfied: 

(1) IfY E d-V(X) and T\ <s t 2 , then Y is p-normal in X and so 
Y is p-internally normal in X. 
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(2) // Y is p-perfectly located in X and T{ cl Tj cl F fl Y = F for each 
F G co Tj, then Y is p-normal. 

Proof. (1) Let A e con, B e cor 2 and A n B = 0. Since Y is 
p-quasi normal in X, there are disjoint sets U" G r 2 , V" G r{ such 
that AnY G U" and B C\Y GV". Therefore, by the second part of 
Lemma 2.16, there are U G r 2 , V G T\ such that A G U, B G V and 
U C\V — 0. The rest is given by implications after Definition 2.11. 
(2) Let A G cor(, B G cor^ and Af]B — 0. Let us consider the sets 

P = Tl cl (n cl A n r 2 cl 5) and Q = r 2 cl (n cl A n r 2 cl 5) . 

Then [/ = X \ P G r x and V = X \ Q G r 2 . Moreover, 

p n y = ri cl (n cl A n r 2 cl b) n y c r x cl A n n cl r 2 cl 5 n y = 

= AnB = 

and similarly Qny = 0. Hence, Yn(PUQ) = so that FcI\(PU 

Q) = f/ fl y. Since y is p-perfectly located in X, there are sequence 

00 

{F n }n=i c cor i and {*n}^°=i C cor 2 such that Y G \J F n G V and 

n=l 

00 

y C U $n C U. Let 

n=l 

A n = A n F n = (A n y) n F n = A n (F n n y) g cor{, 
5„ = B n $ n = (5 n Y) n $ n = B n ($ n n y) g co t 2 

for each n — 1, 00. Then 

ri cl A n r 2 cl 5 n = 

= n cl A n r 2 cl(P n $„) c ri cl A n r 2 cl P n $ n c P n U = 0, 

and similarly, t 2 c1£> fl TiclA n = for each n = l,oo. Since Y is 
p-quasi normal in X and TiclA fl r 2 clP n = for each n = l,oo, 
for the sets A and B n there is a sequence {V^}^ C r{ such that 
B n G V n and A fl r 2 ciy„ = for each n = 1, oo. Similarly, since 
r 2 cl £> fl ri c\A n = for each n = 1, oo, for the sets B and A n , there 
is a sequence {L^}^ C t' 2 such that A n C U n and £> fl t[ c\U n = 
for each n — 1, oo. It is also obvious that 

oo oo oo 

A = An (U F «) = |J( AnF «) = 

n=l n=l n=l 

oo oo oo 

B = B n ( |J $„) = |J (5 n $ n ) = |J s n 

n=l n=l n=l 



30 



B. P. DVALISHVILI 



and A C \J U n , B C U K- Moreover, r^clK C V = Y \ A and 

n=l n=l 

r[c\U n C U = Y \ B for each ra = 1, oo. Thus, by Lemma 4.2, 
(Y, t[, t 2 ) is p- normal. □ 

Corollary 4.5. For a BsS (Y, r^r^) 0/ a BS (X, Ti,t 2 ) we have: 

(1) IfY<E d-V(X) and Ti <s r 2 , i/ien Y is p-quasi normal in X if 
and only ifY is p-normal in X . 

(2) IfY is p-perfectly located in X and Tj cl Tj cl F n K = F /or eac/i 
F G corj, then Y is p-quasi normal in X if and only if Y is 
p-normal. 

(3) IfYE d-V(X), T\ <s t 2 and Y is p-normal, then Y is p-inter- 
nally normal in X . 

Proof. (1) and (2) follow respectively from (1) and (2) of Theorem 4.4 
taking into account the implications after Definition 2.11. 

(3) If Y is p-normal, then by implications after Definition 2.11, it is 
p-quasi normal in X. Hence, it remains to use (1) of Theorem 4.4. □ 

Theorem 4.6. A BsS (Y, t[,t^) of a BS (X,t 1 ,t 2 ) is p-strongly 
normal in X anyone of the following conditions is satisfied: 

(1) (Y G d-V(X), T\ <s r 2 and Y is p-normat) or (Y G T\ Ur 2 and 
Y is p-normat) . 

(2) (Y G p-Cl(X) and Y is p-normal in X) or (Y G p-Cl(X) and 
X is p-normal on Y) . 

Proof. (1) Let, first, Y G d-V(X), t x < s t 2 and Y is p-normal. If 
A G cor(, B G COT2 and A D B — 0, then there are disjoint U" G r 2 , 
V" G t{ such that A C U" and B C V". 

Hence, by the second part of Lemma 2.16 there are U G r 2 , V G t\ 
such that A C U, B C V and U C\V = 0. 

Now, let for example, Y G r 2 , A G co t[ , i? G co r 2 and A C] B — 0. 
Then there are [/' G r^, V G t[ such that A C U', B C and 
U'nV = 0. Clearly, [/' G r 2 and if V G n, Yn Y = V, then [/' and Y 
are the required disjoint respectively 2-open and 1-open neighborhoods 
of A and B. 

(2) Let A G co t[ , B G co and Anfi = 0. Since Y = n cl Yflr 2 cl Y 
and A,BcY, we have Ti cl Aflr 2 c\B = 0. Hence, by condition, there 
are disjoint sets U G r 2 , V G T\ such that riclA (1 7 = A C [/ and 
T 2 c\BnY = BcV. 
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Finally, if A G co t[ , B G co r' 2 and AnB = 0, then n cl AC]t 2 cl B = 0. 
Since 

r 1 c\A = n c1(ti cl A n y) and t 2 c\B = r 2 cl(r 2 cl B n y), 

the sets ri cl A and r 2 cl B are respectively 1-concentrated and 2-con- 
centrated on Y and since X is p-normal on Y, there are disjoint sets 
U G r 2 , y G Ti such that iCnclACt/ and BCr 2 cl5cy. □ 

Corollary 4.7. For a BsS (y t(,t 2 ) o/ a BS (X, Ti,t 2 ) we have: 

(1) // y G d-V(X) and n < s r 2 ori/F G n U r 2; then Y is 
p-normal if and only ifY is p-strongly normal in X . 

(2) IfY G p-Cl(X), then Y is p-normal in X if and only ifY is 
p-strongly normal in X . 

Proof. (1) and (2) follow respectively from (1) and (2) of Theorem 4.6 
taking into account the implications after Definition 2.11. □ 

Corollary 4.8. //(YjtJ,^) is a BsS of a p-normal BS {X, t 1: t 2 ) 
and Y G p-Cl(X), then Y is p-strongly normal in X. 

Proof. By implications after Definition 2.11, Y is p-normal in X and 
so it remains to use (2) of Corollary 4.7. 

Corollary 4.7 is the reinforcement of Corollary 3.2.6 in [8]. □ 

The following simple statement is the reinforcement of the heredi- 
tarily p- normality. 

Proposition 4.9. Every BsS (y r^xQ of a hereditarily p-normal 
BS (X, Ti, t 2 ) is p-strongly normal in X . 

Proof. Let A G co r[, B G co r' 2 and A H B = 0. Then 

(n cl A n 5) u (A n r 2 cl 5) = 

and by (5) of Definition 1.1, there are disjoint sets U G r 2 , V G Ti such 
that A C U and BcV. Thus y is p-strongly normal in X. □ 

In counterpart to the fact that not every BsS of a p-normal BS is 
p-normal, we have the following simple 

Proposition 4.10. A p-normal BS is p-normal on its arbitrary BsS. 

Theorem 4.11. If a BS (X, Ti, r 2 ) is p-normal on a BsS (y r[, t' 2 \ 
then 

(1) y is p-normal in X and so, Y is p-internally normal in X. 

(2) y G p-Cl(X) implies that Y is p-middly normal. 
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Proof. (1) Let A e con, B e co r 2 and Af] B = 0. Clearly, 

ri cl( A n Y) C ri cl A = A, r 2 01(5 ny)Cr 2 clB = 5, and 

ti ci(A n y) c ri cl (n ci(A n y) n y) since An Yen c\(A n Y) n y, 

r 2 cl(5 n y) C r 2 cl (r 2 cl(5 nF)ny) since 5 n yc r 2 c\(B f]Y)f]Y. 

Hence n cl(AnY) is 1-concentrated on Y, r 2 cl(Sny) is 2-concentrated 
on y and n cl(A n y) n r 2 01(5 n y) = 0. Since X is p-normal on Y, 
there are disjoint sets U E r 2 , V E r x such that 

A n y c n d(A n y) c c/, 5 n y c r 2 ci(B n y) c v. 

Thus y is p-normal in X . The rest follows from implications after 
Definition 2.11. 
(2) Let 

A' = t[ c\t 2 int A G (1, 2)-CV(Y), B' = t 2 c\t[ int B G (2, l)-CV{Y) 

in y = r! cl y fl r 2 cl y and A' D B' — 0. Let us consider the disjoint 
sets A = Ticlr^intA' and B = r 2 cl t[ int B' . Since A E con, A = 
n cl int A' for the set t 2 int A'c7 and i? G co r 2 , I? = r 2 cl r{ int 5' 
for the set r-f int B' C y, by the first proposition in Remark 2.12, 

Acnc\(Af]Y), B C t 2 c\(AC]Y) 

and since X is p-normal on Y, there are disjoint sets U E r 2 , V E n 
such that A C U and 5cV. Clearly, 

A' C U' = UHY E t 2 , B' cV = V f)Y Et[ 

and U' H V — 0. Thus y is p-middly normal. □ 

Corollary 4.12. If a TS (X, r) normal on a TsS (Y,t'), where 
Y E cor, then (Y,r') is k-normal in the sense of [21]. 

Corollary 4.13. Let (Y,t[,t£ be a BsS o/aBS (X,ri,r 2 ). T/ien 

(1) For Y E p-Cl(X) we have: 

X is p-normal on Y > Y is p-normal in X 

y is p-strongly normal in X. 

(2) For Y E con H cor 2 £/ie following conditions are equivalent: 
X is p-normal on Y , Y is p-normal in X and Y is p-strongly 
normal in X . 
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Proof. (1) The implication is given by (1) of Theorem 4.11, and the 
equivalence is given by (2) of Corollary 4.7. 

(2) Let Y be p-normal in X, A £ cori, B £ cor 2 , A H B = 0, 
ACT! cl(A n Y) and B C r 2 c\(B n Y). Then 

A c ti ci A n n ci y = A n y 5 c r 2 ci s n r 2 ci y = B n y 

so that A C y, B C y and so there are disjoint sets U G r 2 , V G T\ 
such that A = A n y C C/ and 5 = BflFcy. Thus X is p-normal 
on y and since co T\ fl co t 2 C p-Cl(X), it remains to use (1) above. □ 

Proposition 4.14. //(y, r(,r 2 ) is aBsS of ap-regularBS (X, Ti,r 2 ) ; 
Y G p -Cl(X) and (ri cl y U r 2 cl y r", r 2 ) zs p-internally normal in X , 
then Y is p- Tychonoff. 

Proof. Since X is p-regular, Y is p-regular too and by Theorem 3.2 in 
[22], it suffices to prove only that Y is p-middly normal. Let 

A' = t[ cl r 2 int A' G (1, 2)-CV(Y) 

and 

B' = r^cl pints' G (2, 1)-CV(Y). 

Clearly, Y = Ti cl Y fl r 2 cl y implies that the sets 

A = Ti cl r 2 int A' and B = t 2 c\ t[ int 5' 

are disjoint and A, B C Ti cl Y U t 2 cl F . Since (r x clFUr 2 cl Y, rf , r 2 ) 
is p-internally normal in X, there are disjoint sets U G r 2 , V G Ti 
such that A C C/ and 5 C V. Let U' = U DY, V = V DY. Then 
Any = A'c[/',flny = B'cV" and so y is p-middly normal. □ 

Theorem 4.15. Let (Y, rf , t£) C (p -cl Y, r{, tQ C (X, n, r 2 ) . T/ien 
X is p-normal on p -cl Y =>- X p-normal on Y =>- p -cl Y is p-normal 
on Y . 

Proof. Let A G coti, B G cor 2 , A D B = 0, A = n cl(A n Y) and 
5 = r 2 cl(£? fl Y). Then 

A C Ticl(Anp-clY), B dT 2 c\(Br\p-c\Y) 

and since X is p-normal on p-cl Y, there are disjoint sets U £ t 2 ,V £ Ti 
such that A dU and BcV. Thus, X is p-normal on Y. 

Now, let A G co t[ , 5 G co r 2 , A n 5 = 0, A = r{ c\(A H Y) and 5 = 
cl(S n Y). Then n cl A n r 2 cl 5 = since p-cl Y = n cl Y n r 2 cl Y. 
Moreover, 

ri cl(ri cl A n Y) = n cl A, r 2 cl(r 2 cl B n Y) = r 2 cl 5, 

that is, Ti cl A is 1-concentrated on Y and r 2 cl _B is 2-concentrated on 
Y. Since X is p-normal on Y, there are disjoint sets U £ t 2 , V £ Ti 
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such that Ti cl A C U and T2c\B C V. It is evident that 
T lC \Af]Y = Ac Uflp-dY = U' G r 2 

and 

r 2 c\Bf]Y = B cVf]p-c\Y = V G t[ 

so that p-clF is p- normal on Y. □ 

Definition 4.16. We say that topologies T\ and r 2 on a set X are 
p-strongly ^-related (briefly tiS(j>)t 2 ) if the S'-relation is hereditary 
with respect to p-closed subsets of X. 

It is clear that TiS(p)r 2 =>- T\S{i)T 2 in the sense of Definition 2.1.9 
in [8] ((TiS(i)r 2 ) means that the S- relation is hereditary with respect 
to i-closed subsets of X), and T\ <s( p ) t~ 2 -<=>- {t\S(p)t 2 A T\ C r 2 ). 

Theorem 4.17. If a p-regular BS (X, T\ <s(p) T 2) is p-normal on a 
BsS (Y, t'I , T'i), then {Y, t'{ , t%) is p-Tychonoff. 

Proof. By the second implication in Theorem 4.15, the BS (p-cl Y, t[, t 2 ) 
is also p-normal on (F, r", r 2 ). Since Y G d-V{p-c\ Y), it is obvious that 
the BS (p-clF, t[ < s t' 2 ) is (d, p)-densely normal. Hence, by Propo- 
sition 2.18, (p-cl Y, t[ 1 t' 2 ) is p-middly normal. Since X is p-regular, 
p-c\Y is also p-regular, and so, by Theorem 3.2 in [22], (p-cl Y, t[, t 2 ) 
is p-Tychonoff. Thus, (Y, r" , r 2 ) is p-Tychonoff. □ 

Theorem 4.18. For a BsS (Y,t[,t 2 ) of a BS (X,t 1 ,t 2 ), where 
Y = X{ H X 2 E d-V(X), the following conditions are equivalent: 

(1) X is p-middly normal. 

(2) X is p-normal on Y . 

(3) X is (d,p) -densely normal. 

Proof. Since Y G d-V(X), (2) (3). Besides, by proposition 2.18, 
(3) =>- (1). Hence, it remains to prove only that (1) =>- (2). Let 
Aecor u B e cor 2 , AnB = 0, A = Ticl(AnF), and B = T 2 c\(BnY). 
But if x G Y, then {x} G n n r 2 so that A H F G r 2 , 5 H F G n and so 

A — T\ c\{A n F) G (1, 2)-CV(X), B = t 2 c\(B n F) G (2, l)-CP(X). 

Since X is p-middly normal, there are disjoint sets U E t 2 , V E t\ 
such that AcU and BcK □ 

Theorem 4.19. A BsS (Y,t[,t 2 ) of a BS (X,tl,t 2 ) is p- strongly 
normal in X if and only if (Y,t[,t 2 ) is p-normal and for each 
(l,2)-l.u.s.c. function f : (Y,t[,t 2 ) — > (I,u>) there is a F-(l, 2)-l.u.s.c. 
function f* : (X, Ti,r 2 ) — > (/, u;) which is an extension of f , that is, 
f*(x) = f(x) for each point x G F . 
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Proof. If F is p-strongly normal in X, then by implications after Defi- 
nition 2.11, F is p- normal. Let us consider the families 

St = {E : E C X \ Y) U n 

as subbases on new topologies 71 and 72 on X. First, let us prove 
that (X, 71,72) is p-normal. Clearly, F G co7x fl C072 and 7j| = Tj| y . 
If A G C071, G co 72 and A C\ B — 0, then A, 5 C F and since 
7i| = Tj| y , we have A G cor{, 5 e cot^. Since F is p-strongly normal 
in (X, ri,T2), there are disjoint sets £/ G T2, F G ri such that A G U 
and B C V. But r, C 7$ so that U G 72, F G 71 and so (X, 71,72) 
is p-normal. Since F G 0071 fl C072, by Theorem 2.6 in [14], every 
(1, 2)-l.u.s.c. function / : (F, 7i,7 2 ) — > (7,^0 can be extended to a 
(1, 2)-l.u.s.c. function /* : [X, 71,72) — > Let y G F be any 

point. Since the families £>j = {U G : y £ U} are bases of (X, 71,72) 
at y, the function /* is (1, 2)-l.u.s.c. at y with respect to the original 
topologies T\ and r 2 . 

Conversely, let A G cor{, G cor^ and A D B = 0. Since F is 
p-normal, by Theorem 2.7 in [13], there exists a (1, 2)-l.u.s.c. function 
/ : (F, t[, t{) -> (7, w) such that /(A) = and /(£) = 1. By condition, 
/ can be extended to a F-(l, 2)-l.u.s.c. function /* : (X, Ti,r 2 ) — > 
Let us consider the disjoint sets 

U = T 2 mt{xeX: /*(*)< ^} 

and 

F = r 1 int{ a :GX: f*( x )>^}. 

Then A C U, B C V, that is, F is p-strongly normal in X. □ 

Recall that by Definition 2.4 in [14], a BsS (F, r{, r^) of a BS (X, n, r 2 ) 
is SC*-embedded in X if every bounded real-valued (1, 2)-l.u.s.c. func- 
tion on F can be extended to a (1, 2)-l.u.s.c. function on X. 

Taking into account the condition of Theorem 4.19, we introduce 

Definition 4.20. We say that a BsS (Y,t[,t^ is weakly SC*-em- 
bedded (briefly, WSC*-embedded) in (X, Ti,r 2 ) if every bounded real- 
valued (1, 2)-l.u.s.c. function on F can be extended to a real-valued 
function on X which is F-(l, 2)-l.u.s.c. 

Corollary 4.21. If (X, Ti,t 2 ) is hereditarily p '-normal, then every 
BsS (F, t[, r' 2 ) of X is p-strongly normal and WSC* -embedded in X. 

Proof. Follows directly from Proposition 4.9 and Theorem 4.19. □ 
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Theorem 4.22. Let (Y,t[,t£) be a p-normal BsS of a BS (X, Ti,t 2 ) 
such that Y SC* -embedded in X . Then Y is p-normal on Y . 

Proof. Let A e con, B e cot 2 , An B — 0, A — n cl(A n Y) and 
B = t 2 c\(B n F). Let A i = AnY,B l = Bn Y. Then A E cot[, 
BEcot^itlY and since Y is p-normal, by Theorem 2.7 in [13], there 
is a (1, 2)-l.u.s.c. function / : (Y, t[,t£) — > (/,w) such that /(-Ai) = 
and /(-Bi) = 1. Since F is SC*-embedded in X, / can be extended to 
a (1, 2)-l.u.s.c. function /* : (X, Ti,r 2 ) — > Since Ai is 1-dense in 

A and _Bi is 2-dense in B, we have = and f*(B) = I. Indeed, 

let x E A\A 1 = n c\Ai\Ai be a point such that f*(x) > 0. Since /* is 
1-l.s.c, there is U(x) G n such that f*(y) > for each point g G U(x). 
Since /*(Ax) = /(A^ = 0, we have U(x) nA 1 — 0, which contradicts 
the fact x En c\Ai. Similarly, since /* is 2-u.s.c. and r 2 cli?i = B, we 
have f*(B) = I. Clearly, 

U={xEX: f*(x) < i} G r 2 , V = G X : f*(x) > l -) E n, 

A C U, B C V and U nV = 0. Thus F is p-normal in X. □ 

Corollary 4.23. If for a BS (X,n <s n) there exists a d-dense 
p-normal BsS (F, t[,t 2 ) which is SC* -embedded in X, then (X,n,T 2 ) 
is (d,p) -densely normal and hence, p-middly normal. 

Proof. By Theorem 4.22, X is p-normal on F. Hence, by Definiti- 
on 2.17, (X, n, t 2 ) is (d, p)-densely normal and therefore, it remains to 
use Proposition 2.18. □ 

The end of the section is devoted to study of relative p-strong norma- 
lity and relative WS-supernormality together with their interrelations 
for both the topological and the bitopological case (see also [9]). 

First of all note that if (X, r) is normal, then every closed subspace 
of (X, r) is WS-supernormal in X, and if (F, r') is WS-supernormal in 
X, then (F, r') is normal. But for the opposite implication we have the 
following elementary 

Example 4.24. Let us consider the natural TS (R, oo) and an open 
interval (a, b) C R, which is normal. If A = [c, b) and B = [b, d] are 
sets, where a < c < b < d, then A G cow' in ((a,b),uj'), B E couo and 
AnB = 0. But for any neighborhood V(B) E to we have AnV(B) ^ 0. 

Evidently, if (X, n,n) is p-normal, then for every subset F G co r« 
the BsS (F, t[, t£) is (i, j)- WS-supernormal in X and so, if (X, n, n) is 
p-normal and F G coTincor 2 , then (Y,t[,t£) is p- WS-supernormal in 
X (clearly, for a BS (X, n < t 2 ) the last fact is correct for F G con)- 
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Example 4.25. Let (R, 001,002) be the natural BS. Then it is not 
difficult to see that every set Y G uo,i \ {0} is (i, j)-WS-supernormal 
in thep-normal BS (R, 001,002), but it is not (j, i)-WS-supernormal in 
(R,wi,w 2 )- Moreover, if Y = [a,b] = (-00, 6] n [a, +00) G p-Cl(R), 
then it is p - WS-supernormal in (R, 001,002). 

Proposition 4.26. In a BS {X,T\ < r 2 ) we have: 
(1) IfY G T2 and Ti <jv T2; #ien £/ie following implications hold: 

Y is 2-WS-supernorm. inX > Y is (1, 2)-WS-sttpernorm. inl 



F (2, l)-WS-snpernorm. inl > F is 1-WS-supernorm. inX . 

(2) Ifn < c t 2 , then 

(F, t[, t 2 ) is p -strongly normal in X ==>- 

=>- (F, t[, t' 2 ) is 1-strongly normal in X 
and if Ti < N r 2; then 

Y is 1-strongly normal in > Y is d-strongly normal in X 

v v 

Y is p -strongly normal in > Y is 1-strongly normal in 

Proof. (1) First of all, let us note that if F G r 2 , then by (2) of 
Corollary 2.3.13 in [8], T\ <n t 2 implies that r[ < N t' 2 . 

For the upper horizontal implication let A G cor[, B G cor 2 and 
AnB = 0. Since A G corj C cor^ and (F, r{, r 2 ) is 2-WS-supernormal 
in X, there are neighborhoods f/'(A) G t' 2 C r 2 , U'(B) G r 2 such that 
[/'(A) n U'(B) = and so t 2 cW'{A) n C/'(B) = 0. According to (2) 
of Corollary 2.3.12 in [8], 

U\A) C r 2 int r 2 cl C/'(A) = n int r 2 cl C/'(A) = C/"(A) G n C r 2 

and for the set U(A) = U"(A) n F G r{ C we have C/(A) n 
7idt7'(-B) = - Moreover, by Corollary 2.3.10 in [8], n < N r 2 im- 
plies that Ti <c t 2 and hence, (2) of Corollary 2.2.7 in [8] gives that 

U\B) C r 2 int n cl U\B) = n int n cl C/'(B) = C/(£) G n. 

Now, it is clear that U(A) D U(B) = and, hence, (F, r{, r 2 ) is 
(2, l)-WS-supernormal in X. 

For the lower horizontal implication let A G cor{, B G cori and 
Aflfl = 0. Since i 6 corj C cor^ and (Y,t[,t^) is (2, 1)-WS- 
supernormal in X, there are neighborhoods U(A) G r[, U'(B) G r 2 
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such that U(A) n U'(B) = 0. Since U(A) E r[ C t 2 C r 2 , we have 
U(A)C]t 2 c\U'(B) = 0. But 

U'(B) C r 2 int r 2 cl U'(B) = n int r 2 cl [/'(£) = C/(B) E n 

and [7(A) n U(B) = 0. Thus (F,r{,r^) is 1-WS-supernormal in X. 

For the left vertical implication let A E co t 2 , B E co T\ and A fl B = 
0. Since B E cot\ E cot 2 and (Y, t[,t 2 ) is 2-WS-supernormal in X, 
there are neighborhoods U'(A) E t 2 , U(B) E r 2 such that U'(A) fl 
U(B) = and so t 2 c\U'(A) fl E/(.B) = 0. Furthermore, according to 
(2) of Corollary 2.3.12 in [8], 

U'(A) C r 2 int r 2 cl U\A) = r[ int r' 2 cl C/'(A) = U(A) E r[ 

and C/(A)nC/(B) = so that (Y, r{, r^) is (2, l)-WS-supernormal in X. 

Finally, for the right vertical implication let A E cor{, B E coti 
and Af] B = 0. Since B e coti C cor 2 and (Y,r[,r^) is (1,2)-WS- 
supernormal in X, there are neighborhoods U'(A) E t 2 , U(B) E T\ 
such that U'(A) n U(B) = 0. Hence t 1 c\U\A) n C/(-B) = and by 
(2) of Corollary 2.3.12 in [8], 

U'(A) C t' 2 int cl U'{A) = t[ int r' 2 cl C/'(A) = C/(A) E r[. 

Clearly U(A) DU(B) = and, thus, (Y,t[,t 2 ) is 1-WS-supernormal 
in X. 

(2) First, let A, B E cor[ and AnB = 0. Since B G corj C cor^ 
and (Y,t[,t 2 ) is p -strongly normal in X, there are neighborhoods 
U'(A) E r 2 , U(B) E n such that C/'(A) n C/(B) = 0. Clearly, 
Ti clC/'(A) n [7(5) = and according to (2) of Corollary 2.2.7 in [8], 

U\A) C r 2 int n cl C/'(A) = n int n cl C/'(A) = U(A) E n, 

where U(A) fl U(B) = 0. Thus (Y,t[,t 2 ) is 1-strongly normal in X. 

Furthermore, let A E corj, B E cot 2 and A C\ B = 0. Since 
A E cot[ C cot^ and (Y,t[,t 2 ) is 2-strongly normal in X, there are 
neighborhoods U'(B) E r 2 such that U(A) H U'(B) = and so 

U(A) n r 2 cl [/'(£) = 0. Hence, by (2) of Corollary 2.3.12 in [8], 

U'(B) C t 2 int r 2 cl U'(B) = n int r 2 cl C/'(£) = e n, 

fl = and, hence, (Y, t[,t 2 ) is p-strongly normal in X. 

The horizontal implications follow from the first implication of (2) since 
T i <n r 2 implies T\ < c t 2 . □ 

Proposition 4.27. For a BsS (Y,t[,t^) o/oBS {X,t u t 2 ) the fol- 
lowing conditions are satisfied: 

(1) If Y E coil and (Y,r[,r 2 ) is p -strongly normal in X, then 
(Y, r{, r 2 ) is (i, j)-WS-supernormal in X . 
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(2) If Y E Tj and (Y, rj,r 2 ) is (i, j)-WS -supernormal in X, then 
(Y, rj, tQ is p -strongly normal in X . 

Proof. (1) Let Y G C0Tj, A G cor/, B G cor,- and AflB = 0. Then 
B' = B fl Y G co rj and since (Y, rj,r 2 ) is p -strongly normal in X, 
there are disjoint sets U' G r^, V G 7* such that A C U' and £?' C V. 
Evidently, if U = U'OY, V = V'U(X\Y), then U G rj, V <E T i7 A C U , 
B G V and C/nV = so that (Y, rj, r 2 ) is (2, j)-WS-supernormal in X. 

(2) Let Y G A G co rj, B G co rj and A n B = 0. Then A C 
TjdB = and since (Y,t[,t£) is (i, j)-WS-supernormal in X, there 
are sets U G rj, V e tj such that A C U, TjdB cV and Z7 n V = 0. 
Clearly U G Tj, B C V and, hence, (Y, rj,r 2 ) is p -strongly normal 
inX. • - - r 

Corollary 4.28. For a BsS (Y, rj, r£) of a BS (X, n, r 2 ) toe /oilow- 
conditions are satisfied: 

(1) // Y G cori fl cor 2 and (Y, rj,r 2 ) is p -strongly normal in X, 
then (Y, rj, t£) is p-WS- supernormal in X . 

(2) If Y G T\ fl r 2 and (Y, rj,r 2 ) p -WS- supernormal in X, then 
(Y, rj, Tg) p -strongly normal in X . 

(3) // Y G ri fl r 2 fl cori fl cor 2; toen toe following conditions are 
equivalent: (Y, rj,r 2 ) (1, 2)-WS-supernormal in X, (Y, rj,r 2 ) 
is (2, 1)-WS -supernormal in X , (Y, rj, r 2 ) zs p -WS- supernormal 
in X and (Y, rj, r 2 ) p -strongly normal in X . 

Therefore, the equivalences remain valid for a BS (X, t\ < r 2 ) if 
Y G T\ fl co ri . 

Proof. (1) and (2) follow directly from (1) and (2) of Proposition 4.27, 
respectively. 

(3) By (1) and (2) of Proposition 4.27, if Y G r 2 Hcori, then (Y, rj,rQ 
is (1, 2)-WS-supernormal in X if and only if (Y, rj, r 2 ) is p -strongly nor- 
mal in X and if Y G ri fl co r 2 , then (Y, rj, r 2 ) is (2, l)-WS-supernormal 
in X if and only if (Y, rj, r 2 ) is p -strongly normal in X. 

The rest is obvious. □ 

Corollary 4.29. For a TsS (Y, r') 0/ a TS (X, r) toe following 
conditions are satisfied: 

(1) // Y G cor and (Y, r') strongly normal in X, then (Y, r') 
is WS -supernormal in X, and if Y G r and (Y, r') zs WS- 
supernormal in X , then (Y, r') strongly normal in X. 

(2) // Y G r fl cor, then (Y, r') zs WS-supernormal in X if and 
only if (Y, r') zs strongly normal in X. 
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In connection with Corollary 4.29 and so, with the bitopological case, 
we consider it necessary to give the following elementary 

Example 4.30. Let X = {a, b, c, d, e}, r = {0, {c}, {a, b, c}, {c, d, e}, 
X} and F G {a,b,d}. Then (F, t') is WS-supernormal in X, but it is 
not strongly normal in X. 

Now, if r = {0 ,{a} ,{b} , {a, b}, {d, e}, {a, d, e}, {b, d, e}, {a, 6, rf, e}, X} 
and Y = {a,d, e}, then (Y, r') is strongly normal in X, but it is not 
WS-supernormal in X. 

5. (i, j)-Relative Real Normalities 

Proposition 5.1. Let (Z,t?,t%) C {Y,t[,t^) C (X,n,T 2 ). T/ien 
t/je following conditions are satisfied: 

(1) // F p-normal or Y is p-weakly realnormal in X, then Z is 
p-weakly realnormal in X . 

(2) IfY is p-realnormal in X , then Z is also p-realnormal in X . 

Moreover, if (F,<,<) C {Y u t'{^) C (X 1 ,t{,^) C (X,t u t 2 ), 
then 

(3) Fi p-weakly realnormal in Xi implies that Y is p-weakly re- 
alnormal in X too. 

Proof. (1) First, let F be p-normal, A G co t 1: B G co r 2 and Afl-B = 0. 
Then A H F G co r{, B H F G co and by Theorem 2.7 in [13], there is 
a (1, 2)-l.u.s.c. function / : (F, t[, t' 2 ) -> (J, w) such that /(A n F) = 
and /(£ n Z) = 1. It is clear that / is Z-(l, 2)-l.u.s.c, /(A n Z) C {0} 
and f(B(~)Y) C {1}, so that Z is p-weakly realnormal in X. 

Now, if F is p-weakly realnormal in X, then evidently Z is also 
p-weakly realnormal in X. 

(2) The condition is obvious. 

(3) Let A G co T\ , £? G cor 2 and A D B = 0. Since F x is p-weakly 
realnormal in X ± , for the disjoint sets AnX 1 G cot[ and BC\X 1 G cot^ 
there is a (1, 2)-l.u.s.c. function / : (F^r",-^') — > (-^,^) such that 
/(AHF) C {0} and /(5nF) C {1}. Clearly, <p = f\ y : (F,r{",rf ) -> 
(i» is (l,2)-l.u.s.c, y9(A n F) C {0}, <p(B n F) C {1} and so Fis 
p-weakly realnormal in X. □ 

Corollary 5.2. // a BsS (F, r^r^) o/ a BS (X, ti,t 2 ) is p-normal, 
then Y is p-weakly realnormal in X. 

Proof. Follows directly from (1) of Proposition 5.1 for Y — Z. □ 
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Proposition 5.3. // a BsS (Y,t[,t 2 ) is p-realnormal in a BS 
(X, ti,t 2 ), then Y is p-normal in X . 

Proof. Let A G coti, Be cot 2 and An B = 0. Then, by condition, 
there is a Y-(l, 2)-l.u.s.c. function / : (X, r 1 ,r 2 ) — > (/,c<j) such that 
f(A) = {0} and f(B) = {1}. Let U = r 2 int{x G X : f(x) < 1/2} and 

V = n int{a; G X : /(a;) > 1 /2}. Then A n F C [/ and 5 n F C V. □ 

Theorem 5.4. yl BsS (Y, r-^Tj) of a BS (X, Ti,t 2 ) is p-strongly 
realnormal in X if and only if Y is p-srtongly normal in X. 

Proof. First, let Y be p-strongly realnormal in X, A G cor(, 
B G 00T2 and An B = 0. Then there is a Y-(l, 2)-l.u.s.c. func- 
tion / : (X, n, r 2 ) -> (/, w) such that /(A) = {0} and /(S) = {1}. Let 
[/ = r 2 int{a; G X : /(x) < 1/2} and V = r x int{a; G X : /(x) > 1/2}. 
Then A C U, B C V and U HV — 0, so that F is p-srtongly normal 
in X. 

Conversely, let A G cor{, _B G cor^ and A f] B — 0. Then, by 
Theorem 4.19, there is a Y-(l, 2)-l.u.s.c. function /* : (X, Ti,r 2 ) — > 
such that f*(A) = {0} and f*(B) = {1}, that is, Y is p-srtongly 
normal in X. □ 

Corollary 5.5. For a p-closed BsS (Y, r(,r 2 ) of a BS (X, ti,t 2 ) we 
have: 

X is p-normal on Y > Y is p-normal in X 

Y is p-strongly realnormal in X < > Y is p-strongly normal in X 



Y is p-realnormal in X > Y is p- weakly realnormal in X. 

Proof. The implications and equivalences are immediate consequences 
of Theorem 5.4, (1) of Corollary 4.13 and the implications after Propo- 
sition 2.15. □ 

Theorem 5.6. For a BsS (Y,t[,t' 2 ) of a BS (X, ti,t 2 ) ; where 
Y G T\ fl r 2 , we have: 

(1) Y is p-weakly realnormal in X if and only ifY is p-realnormal 
in X. 

(2) Y is p-normal if and only ifY is p-strongly realnormal in X. 

Proof. (1) Clearly, it suffices to prove only the implication from the 
left to the right. Let A G coti, B G cor 2 and An B = 0. Then, by 
(1) of Definition 2.14, there is a (1, 2)-l.u.s.c. function / : (Y,t[,t 2 ) — > 
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(i» such that f(A C\Y) C {0} and f(B C\Y) C {1}. Let us define 
/* : (A",ri,r 2 ) -> as follows: = /(x) if x G F and /*(X \ 

y) = {1}. Then, taking into account (3) of Proposition 2.15, /* is the 
required Y-(l, 2)-l.u.s.c. function on X. 

(2) By Theorem 5.4 and the implications after Definition 2.11, it 
suffices to prove only the implication from the left to the right, let 
A G corj, B G COT2 and A D B — 0. Then, by (1) of Theorem 2.7 
in [13], there is a (1, 2)-l.u.s.c. function / : (Y,t[,t£) — > (I,ou) such 
that f(A) = {0} and f(B) = {1}. Let /* : (X,t u t 2 ) -> be 
any function such that /*| y = /■ Then F G T\ fl r 2 implies that /* is 
Y-(l, 2)-l.u.s.c, and so Y is p-strongly normal in X. □ 

Proposition 5.7. Any BsS (Y, r^r^) of a p-normal BS (X, r 1 ,r 2 ) 
zs p-realnormal in X . 

Proof. Let A G cori, 5 G cor 2 and in5 = 0. Then, by Theorem 2.7 
in [13], there is a (1, 2)-l.u.s.c. function / : (X, ri,r 2 ) — > (J, a;) such 
that /(A) = and f(B) = 1. It is clear, that for any Y G X, the 
function / is Y-(l, 2)-l.u.s.c. and, hence, it remains to use (2) of Defi- 
nition 2.14. □ 

Proposition 5.8. If (Y, t[,t 2 ) zs p-weakly realnormal in a R-p-Ti 
BS (X, ti,t 2 ) ; £/ien (Y, t[,t 2 ) p-Tychonoff and so, p-almost com- 
pletely regular. 

Proof. Let (Y, r[,r 2 ) be p-weakly realnormal in I, 1 e F, F £ COT i 
and xeF. Then xGr^clF and since X is R-p-Ti. By (1) of Defi- 
nition 2.14, there is a Y-(i, j)-l.u.s.c. function / : (Y,t[,t 2 ) — > (J, a;) 
such that 

/(r,clFnr) = /(F)c{0} and f(x) C {1}. 

Thus Y is p-Tychonoff, and it remains to use the implications after 
Definition 2.6. □ 

Theorem 5.9. If {X,T\ <s t 2 ) is p-normal on (Y,t[,t 2 ), if/jere 
Y G d-T>(X), then Y is p-realnormal in X . 

Proof. We will use the condition (2) of Proposition 2.15. Let A, B G Y, 
A B and T\ cl A fl r 2 cl B = 0. Since X is p-normal on Y , taking 
into account Remark 2.12, there are disjoint sets U G r 2 , V G T\ such 
that ri cl A C C/ and r 2 cl5c V. Clearly, ndUnV = = U(~)t 2 cl V, 
and so, riclC/ fl r 2 cl.B = 0. Now, by Remark 1.3.4 in [8], t±c\U G 
(1, 2)-CT>(X) and by remark after Lemma 2.16, T\ cl U is 1 -concentrated 
on Y since Y G 2-X>(X). X is p-normal on Y implies that there are 
disjoint sets E G r 2 , W G t x such that TiclC/ C E and r 2 c\B G W. 
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It is evident that E n r 2 cl W = 0. Therefore, we have T\ cl A C 
ri cl Z7 C F, r 2 cl 5 C r 2 cl IF and r x cl U C r 2 cl VV = 0, where r x cl U G 
(l,2)-C£>(X),r 2 clVF G (2,1)-CV(X). Since X is (d, p) -densely normal, 
by Proposition 2.18, X is p-middly normal and so, by Theorem 2.2 in 
[22], there is a (1, 2)-l.u.s.c. function / : (X, Ti,t 2 ) — > (I,ou) such 
that /(riclC/) = and f(r 2 c\W) = 1. Clearly, / is F-(l, 2)-l.u.s.c. 
/(riclA) C {0}, f(r 2 c\B) C {1} and by (2) of Proposition 2.15, F is 
p-realnormal in X. □ 

6. (i, j)-Relative Properties of Compactness Type 



Definition 6.1. A BsS (F, t[,t' 2 ) of a BS (X, ti,t 2 ) is p-compact 
(i-compact) in X if every p-open (i-open) covering tl of X contains a 
finite sub covering U' such that F C Ult'. 

Proposition 6.2. //a BsS (F, r(, r^) (i,j)-S -T 2 m (X, ri, r 2 ) and 

p- compact in X , then Y is (i, j)-superregular in X . 

Proof. If z G F, zeF and F G coTj, then for each point x E F 
there are disjoint neighborhoods U x (z) G Tj, U z (x) G Tj and hence, 
the family U = \U z (x) : a; G F} U {X \ F} is a p-open covering of 
X. Since F is p-compact in X, there are points x±, x 2 , ■ ■ ■ , x n G F 

n n 

such that F C U U z (x k ) U (X \ F). Then F C {J U z (x k ) = U G r,-, 
fc=i fc=i 

z G P| U Xk (z) = V G Tj and [/ fl V = 0. Thus F is (i, j)-superregular 
fc=i 

in X. □ 

Corollary 6.3. If (Y, r{,r 2 ) isp-S-T 2 m (X, ri,r 2 ) and p- compact 
in X , then Y is p-superregular in X. 

Proposition 6.4. If (Y,t{,tQ is (1,2)-S-T 2 or (2, 1)-S-T 2 in X 

and p-compact in X, then Y is p-strongly normal in X. 

Proof. Let A G cor(, B G cor^, A fl B = and, for example, F is 
(1,2)-S-T 2 in X. Clearly, nclA n F = 0, and by Proposition 6.2, 
F is (1, 2)-superregular in X. Hence, F is (1, 2) -strongly regular in 
X and so for each point x G TiclA there are disjoint neighborhoods 
Ub(x) G t 2 , U x (B) G ri. It is clear that the family 

U={U B (x): x G nc\A} U{X\ndA} 

is a p-open covering of X and since F is p-compact in X, there are 

n 

points xi, x 2 , ■ ■ ■ ,x n e TidA such that F C [_} Ub^xu) U (X \ ri cl A). 

k=i 
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It is obvious that 

n n 

A = nc\AnY C |J U B (x k ) = Uer 2 , B c f] U Xk {B) = V e n 

k=l k=l 

and U (~)V = 0. Thus F is p-strongly normal in X. □ 

Definition 6.5. A BsS (F, r{, r£) of a BS (X, n, r 2 ) is (i, j)-internally 
compact in X if every i-closed subset of X, contained in F, is j-com- 
pact. 

Proposition 6.6. If {Y,t[,t' 2 ) is a p-internally compact BsS m a 
p -T 2 BS (X, ri, r 2 ), taen F zs p-internally normal in X. 

Proo/. Let AGcori, Be co r 2 , A, 5 C F and AnB = 0. Then, by 
condition, A is 2-compact and B is 1-compact. If x G A is any point, 
then for each point y G B there are disjoint neighborhoods U x (y) G T\ 
and [^(x) G r 2 . Clearly, C UU x (y) and since -B is 1-compact, there 

m 

are points yi,y 2 , ■ ■ ■ ,y m e B such that 5 C \J U x (y k ) = U X (B) G t x . 

k=l 

m 

If C/(x) = P| U yk (x) G r 2 , then U(x) H C/ X (S) = 0. Hence, for each 

x £ A there are disjoint sets U(x) G r 2 and U X (B) G Ti. Clearly, 

Ac (J U(x) and since A is 2-compact, there are points x±, x 2 , . . . , x n 

xeA 

n n 

such that A C (J C/(x fc ) = C/(A) G r 2 . Let U{B) = f] U Xk (B) G t x . 

k=l k=l 

Then [/ (A) H £/ (5) = and thus F is p-internally normal in X. □ 

Definition 6.7. A BS (X, Ti,r 2 ) is p-Lindeloff (i-Lindeloff) if every 
p-open (i-open) covering of X contains a countable subcovering and 
hence, a BsS (F, t[,t' 2 ) of a BS (X, Ti,t 2 ) is p-Lindeloff (i-Lindeloff) 
in X if every p-open (i-open) covering U of X contains a countable 
subcovering W' such that F C UW'. 

Lemma 6.8. Let £ = \U n : n — 1, oo} C Ti and 77 = [V n : n = 

l,oo} C r 2 fre any two countable families in a BS (X, Ti,t 2 ). Taen 
inere are disjoint sets U G Ti and F G r 2 sncn £na£ U£ \ U {ri clF n : 
n = 1, 00} C £/ and U 77 \ U {r 2 cl C/ n : n = 1, 00} C V. 

Proof. Obviously we may assume that U n C £/ n +i and V n C F n+ i for 

each n = 1, 00. Now, let = £4\ti cl F fe G ri and Wk = Vk\r 2 cl [4 G 
00 

r 2 for each k — l,oo. It follows that the sets C/ = (J G ri and 

k=l 
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V — U Wi G r 2 are disjoint, U £ \ U {t ± cl K : n = 1, 00} C C/ and 

1=1 

U»7\ U {r 2 clC/ n : n = l,oo} C V. □ 

Lemma 6.9. If a BS (X, ri,r 2 ) is p-Lindeloff, then every i-closed 
subset of X is j-Lindeloff. 

Proof. Let U' = {U} C Tj be any j-open covering of a set F G cot;. 
Then U = IA.' U {X \ F} is a p-open covering of X and since X is 
p-Lindeloff, by Definition 6.7 there is a subfamily V C such that 
I V| < K and X = U V. If V = V \ {X \ F}, then V' C W, \V\ < K 
and FcU V', so that F is j-Lindeloff. □ 

Proposition 6.10. 7/aBsS (F, r{,r 2 ) o/aBS (X, ti,t 2 ) is p-regular 
in X and p-Lindeloff, then Y is p-strongly normal in X. 

Proof. Let A G co r{ , F G co r 2 and A fl F = 0. Since F is p-regular in 
X, for each point a £ A and each point b G F there are neighborhoods 
£7(a) G r 2 and U{b) G ri such that 

(n cl [/(a) n F) U (r 2 cl 17(6) n A) = 0. 

Since F is p-Lindeloff, A G corf and F G cor^, by Lemma 6.9, there 
are countable sets A\ d A and B\ C F such that 

A C U {[/(a) : a G Ai} and F C U {[/(&) : 6 G F 2 }. (*) 

Thus, by Lemma 6.8 there are disjoint sets U G t 2 , V G Ti such that 

[J 17(a) \ U {r 2 cl [7(6) : b e d U 

aeAi 

and 

[J 17(6) \ U {n cl [7(a) : a G Ai} C V. 

Clearly 

(Afl ( |J r 2 cl C/(6))) U (fin ( |J r lC lC/(a))) =0 

and by (*), A C £7, B C V. Thus F is p-storngly normal in X. □ 

Corollary 6.11. 7/ a BsS (F, r{, r£) of a BS (X, n, r 2 ) p-Lindeloff 
and X is p-regular {respectively, Y is p-superregular in X , Y is p-stron- 
gly regular in X, Y is p-free regular in X), then Y is p-strongly normal 
in X. 

Proof. Follows directly from implications after Definition 2.2. □ 

Corollary 6.12. Under the hypotheses of Proposition 6.10, F is 
p-strongly realnormal in X. 
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Proof. Follows directly from Theorem 5.4. □ 

Corollary 6.13. Under the hypotheses of Proposition 6.10, Y is 
p-normal, Y is p-quasi normal in X and Y is p-normal in X . 

Proof. The conditions are immediate consequences of implications after 
Definition 2.11. □ 

Corollary 6.14. Under the hypotheses of Corollary 6.11, Y is 
p-normal, Y is p-quasi normal in X and Y is p-normal in X . 

Proposition 6.15. Let 7$ C r, for a BS (X, ti,t 2 ). If (Y, t[,t$ 
is p-compact in (X,t 1 ,t 2 ) and (Y, 7i,7 2 ) is p-S-T 2 in (X, 71,72) (in 
particular, if (X, 71, 72) is p -T 2 ), then 7- = r[. 

Proof. Contrary: 7^ 7^ t[. Then there is a set F G cor/ and a point 
y EY \ F such that y G 7j'clF since 7$ C 17 By condition (Y, 7i,7 2 ) 
is P-S-T2 in (X, 71,72) and by (18) of Definition 2.1 for each point 
x G X\{y} there are disjoint sets U(x) G 72 G 71) and C/ X (y) G 71 

(U x (y) G 72). Let $ = r^clF. Then 

(C/(x) : U(x) G 7j, \ M} U {X \ $} 

is a p-open covering of (X, ti,t 2 ) as 7^ C 77 Since (Y, r^r^) is p- 
compact in (X, ri,r2), there is a finite set A C X \ {y} such that 
Y C (X \ $) U ( |J U(x)). Hence for the neighborhood U'(y) G 7*, 

where U'(y) = C] {U x (y) : C4(y) G 7*}, we have U'(y) C X\$ and so 

n F = 0. If C/(y) = U'(y) n Y, then C/(y) G 7,' and C/(y) n F = 
so that ?/ G~7j' cl F. A contradiction. □ 

Proposition 6.16. Let f : (X, ti,t 2 ) — > (Xi,7i,7 2 ) be a d- continuo- 
us function and (Y,t[,t 2 ) be p-Lindeloff in (X,Ti,r2). Then (/(Y),7^,7 2 ) 
zs p-Lindeloff in (Xi, 71, 72). 

Proof. Let W = {£/ a : a G D} be any p-open covering of Xi. Then the 
family V = f~ l (hl) is a p-open covering of X and by condition there 
is a countable subfamily V'c V such that Y C UV'. Clearly, for each 
V a G V there is U a G W such that 14 = f~ l (U a ). Hence 

/(Y) C /( U V) = U {/(K) : V„ G V'} = U{U a : a G W'}, 

where 14' CU and is countable. □ 

Lemma 6.17. // a BsS (Y, r^r^) 0/ a BS (X, Ti,r 2 ) (j, ^-super- 
regular in X and Y is j-Lindeloff, then Y is is (i, j) -perfectly located 
in X. 
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Proof. Let F C U, where U G Tj. Then Y C\ F = 0, where F = 
X\U G co Tj. Since Y is (j, i)-superregular in X, for each point x eY 
there are disjoint neighborhoods U(x) G Tj and U X (F) G Tj. Clearly, 
{U(x) : x G F} is a j-open covering of Y and by condition there is a 

oo 

countable set of point {x k }^ =1 C F such that Y C (J U (x k ). Moreover, 

k=i 

since U(x k ) fl U Xk (F) = 0, we have TjClC/(:r fe ) fl U Xk (F) = and so 

oo oo 

\JndU{x k )n (f\u Xk (F)^ =0. 

k=l k=l 

Therefore 

oo oo oo 

F C |J r iC lC/(x fc ) = |J $ fc C X \ f| U Xk (F) CX\F = U, 

k=l k=l k=l 



where <J>fc G cor^ for each k — l,oo. Thus F is (i, j)-perfectly located 
inX. □ 

Proposition 6.18. Lei {Y,t[,t' 2 ) be a (j,i)-superregular BsS in a 
BS (X, r 1 ,r 2 ). T/ien the following conditions are satisfied: 

(1) IfY is j-Lindeloff, then Y is j-Lindeloff in X and Y is 
perfectly located in X . 

(2) IfY is p-Lindeloff in X and Y is (j , i) -perfectly located in X, 
then Y is i-Lindeloff. 

Proof. (1) By Lemma 6.17, it suffices to prove only that if F is 
j-Lindeloff, then F is j-Lindeloff in X. Indeed, if U = {U a : a G -D} is 
any ?-open covering of X, then U Y — [U a fl F : aG-D} is the j-open 
covering of F, consisting of j-open in F sets. Hence, by condition, 
there is a countable subfamily U' Y = {U ak fl F : k — 1, oo} such that 

oo oo 

Y = jj (C/ Q , n F). Clearly, F C Q U ak and so F is j-Lindeloff in X. 

k=l k=l 

(2) Now, let F be p-Lindeloff in X and F be (j, i)-perfectly located 
in X. Suppose that U' — {U' a : a G D} C t- is any i-open covering 
of F. Let C/a e n, U a HY = U' a for each a £ D and If = [j U a . 

Then W e t { and F C IF. Since F is (j, -^-perfectly located in X, 
there is a countable family {F n : n — l,oo} C cor^ such that F C 

oo oo 

U F n C W. Hence X \ VF C f| (A" \ F n ), i.e. X \ IF C X \ F n for 

n=l n=l 

each n = 1, oo. Hence, for each n — 1, oo, the family W n = : ct G 
U {X \ F n } is a p-open covering of X, and since F is p-Lindeloff 
in X and (F fl F n ) fl (X \ F n ) = for each n — 1, oo, there is a 
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countable subfamily U' n — {U' a — U a C\Y : U a G W n } C such that 

oo 

FnF n CU{^: U' a eU n }. LetW c = \JK- Then 

n=l 

oo 

\J(F n nY) = Y = u{U' a :U' a eK}, 

n=l 

where U' e is also countable and U' c C hi', i.e., y is i-Lindeloff. □ 

Theorem 6.19. Let f : (X, Ti,r 2 ) — > (^1,71,72) be a d-closed and 
d- continuous function and (y 7i,7 2 ) C (^1,71,72) be p-Lindeloff in 
X ± . Moreover, let f^(x) be p-Lindeloff in X for each x & X 1 . Then 
(f^ 1 (Y), t[, t 2 ) is p-Lindeloff in X . 

Proof. Let U — {U a : q G D} be any p-open covering of a BS 
(X, ti,t 2 ). For each point rr G Xi there exists a countable subfamily 
U x CU such that f~\x) C C/ x = UW X = U\ U where C/j G r<. 
Since / is d-closed, and so, i-closed, there is an i-open neighborhood 
W* G 7i such that / -1 (W») C C/j. Since (F, 7^ 7 2 ) is p-Lindeloff in X 1; 
there is a countable subset X' C Xi such that 7 C If = U {W^ : x G 
X'}, where W x = W^ 1 U W% for each x G X'. Therefore 

/-^y) c r\w) c 

CUjf/^^U^: x G X'} = U { U U x : x G X'}. 

Hence, the subfamily = U{U X '■ x G X'} of the family U covers 
/ _1 (y) and since each U x is countable, U' is also countable and so, 
f (Y) is p-Lindeloff in X. □ 

Theorem 6.20. For a BS (X, Ti,r 2 ) £/ie following conditions are 
satisfied: 

(1) If(X,n,T 2 ) isp-regular, {Z,r'{,r' 2 r ) C (Y>^) C (X,n,r 2 ) 
and Y is p-Lindeloff, then Z is p-realnormal in X. 

(2) //(Y>r,7f) C (Yi,rf,<) C (X^,^) C (X,r 1 ,r 2 ) ; X x G 
d-V(X) andYi is p-Lindeloff in X 1; thenY is p-Lindeloff in X . 

(3) //(Y>f',7f) C (p-cl F,rf,r^) C (X^,^) C (X,r 1 ,r 2 ) and 
X 1 G d-V(X), then Y is p-Lindeloff in X if and only if Y is 
p-Lindeloff in X x . 

(4) // (Y, r[, t' 2 ) C (X, n, t 2 ), Y is p-Lindeloff in X , X x G p -Cl{X) 
and Y\ C Y D Xi ; £/ien Yi p-Lindeloff in X\. 

Proof. (1) It is evident that y is p-regular in X and by Proposition 6.10, 
y is p-strongly normal in X. Therefore, by Theorem 5.4, Y is p-stron- 
gly realnormal in X. Let A G coti, -B G cor 2 and A (1 B = 0. 
Then AnY G cor{, 5nF G cor^ and by (3) of Definition 2.14, 
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there is a Y-(l, 2)-l.u.s.c. function / : (X, ri,r 2 ) — > (/,<*;) such that 
/(Any) = {0} and f(BC)Y) = {1}. Clearly, / is Z-(l, 2)-l.u.s.c. and 
/(A n Z) C {0}, f(B HZ) C {1}. Thus, by (3) of Proposition 2.15, Z 
is p-realnormal in X. 

(2) Let U = {U a : a G D} be a p-open covering of X. Then Ux 1 = 
\U a fl X x : a G D} is a p-open covering of Xi since Xx G d-V(X). 
Hence, by condition, there is a countable subfamily {U ak fl Xi}^ =1 C 

oo oo 

W Xl such that Yi C |J (C/ Qfc flXi). Now, it is obvious that Yd \J U ak 

k=l k=l 

and thus Y is p-Lindeloff in X. 

(3) Let, first, Y be p-Lindeloff in Xi and 14. = {U a : a G -D} be a 
p-open covering of X. Then Ux 1 = {U a D Xi : a G D} is a p-open 
covering of Xi since Xi G d-X>(X). Hence, by condition, there is a 

oo 

countable subfamily {f/^nXi}^ C U Xl such that F C {J (C/ afc nXi). 

fc=i 

oo 

Hence, it is obvious that F C |J C/ afc and so F is p-Lindeloff in X. 

fc=i 

Conversely, let F be p-Lindeloff in X and Ux 1 — {U' a : a G D} be 
a p-open covering of X x . Since p-cl F = ri cl F fl r 2 cl F C X x , we have 

X\Xi C X\p-clF = (X\nclF) U (X\r 2 clF). 

Therefore 

U = U 1 U {X\r lC lF,X\r 2 clF}, 

where U 1 C\X 1 = Ux 1 , is a p-open covering of X. Since F is p-Lindeloff 
in X and 

Fn ((X\nclF) U (X\r 2 clF)) = 0, 



there is a countable subfamily C TA\ such that F C \J U, 



fc=i 



But Fell and so F C (J . Thus, F is p-Lindeloff in X v 

k=l k 

(4) Let tix 1 = {U' a : a G D} be a p-open covering of X\ and 
U = {U a : f/ a nXi = u' a , aeD}u {X \ n clXi, X \ r 2 clXi}. 
Then is a p-open covering of X and since F is p-Lindeloff in X, there 

oo 

is a countable subfamily {t^}^! C U such that Fi C F C |J U ak . 

k=i 

Since Fx C X l5 we have 

F 1 n((X\r 1 clX 1 )U(X\r 2 clX 1 )) =0, 

so that {f/ Qfc nXi}^° =1 = {U' a J^ =1 C Thus F is p-Lindeldff 

in X x . " ' □ 
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Corollary 6.21. For a BS (X, ti,t 2 ) the following conditions are 
satisfied: 

(1) IfYE d-V(X), then Y is p-Lindeloff in X if and only if Y is 
p-Lindeloff. 

(2) If(Y,T?,7%) C (Z,t[,t$ C (X,t 1 ,t 2 ) and Z is p-Lindeloff, 
then Y is p-Lindeloff in X. 

Proof. (1) It suffices to suppose in (3) of Theorem 6.20 that Y = 
p-c\Y = X 1 . 

(2) Suppose in (2) of Theorem 6.20 that Y 1 = X 1 = Z. □ 

Remark 6.22. It is clear that Theorem 6.20 remains correct if 
p-Lindeloffnees is changed by p-compactness. 

Definition 6.23. Let (Y,t[,t^) be a BsS of a BS (X,t u t 2 ). Then 

(1) Y is (i, j)-quasi paracompact in X if for each i-open covering V 
of X one can find a covering 1A of Y by i-open in Y sets which 
refines V and is j-locally finite at each point of Y. 

(2) Y is -paracompact in X if for each i-open covering V of X 
there exists a family U C which refines V, F C UW and W 
is j-locally finite at each point of Y. 

(3) Y is (i, j)-strongly paracompact in X if for each i-open covering 
V of X there exists an i-open covering U of X which refines V 
and is j-locally finite at each point of Y . 

It is clear that if (X, r 1 ,r 2 ) is (i, j)-RR-paracompact in the sense of 
(6) of Definition 1.1, then any BsS Y of X is (i, j)-strongly paracompact 
in X, and so Y is -paracompact in X and (i, j)-quasi paracompact 
inX. 

It is clear that if Y e Tj, then F is (i, j)-quasi paracompact in X if 
and only if F is (i, j)-paracompact in X. 

Remark 6.24. For a BS (Y,r[ < t' 2 ) of a BS (X,Ti < r 2 ) we have 
the following implications: 

F is 1-strongly paracomact in X > Y is (1, 2)-strongly paracompact in X 

V v 

Y is 1-paracompact in X F is (1, 2)-paracompact in X 

v v 
F is 1-quasi paracompact in X > F is (1, 2)-quasi paracompact in X , 
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and 

Y is (2, l)-strongly paracompact in X > Y is 2-strongly paracompact in X 
V v 

Y is (2, l)-paracompact in X > Y is 2-paracompact in X 

v V 

Y is (2, l)-quasi paracompact in X > Y is 2-quasi paracompact in X . 



Theorem 6.25. // (F, T^Tg) is a BsS of an (i, j)-regular BS 
(X, Ti,t 2 ), TjCri, TiNTj and Y is j-Lindeloff in X, then Y is (i,j)- 
paracompact in X . 

Proof. Let V = {U} be any i-open covering of X . Then for each point 
x £ X there is a neighborhood U(x) G V such that x G U(x). Since 
xEX\U(x) G coTj and X is -regular, there is V(x) G Tj such that 
TjC\V(x) C C/(x) and so, T j c\V(x) n (F \ C/(x)) = 0. Since t,CV;, 
by Theorem 2 in [27], Tj cl V(x) is a j-neighborhood of x, i.e., there is 
E(x) G r,- such that E(x) C Tj clV^z). Clearly, U = {E(x) : x E X} 
is a j-open covering of X, which refines V. Since Y is j-Lindeloff in 
X, there is a countable subfamily U' = {E(xk)}'^ =1 C W such that 

Y C U W. For each fc = 1, oo let F k = (J n cl £?(a:,) and F = 0. Then 

«<fe 

F k G corj and if W k = U(x)\ F k) then W k G Tj for each k = l,oo. 
Moreover, the family W = {Wk}^^ refines V. 

Hence, it remains to prove that Y C UW and W is j-locally finite 
at each point y G Y. Let y G Y be any point. Since F C UW' and 
U' refines V, let m be the smallest natural number k G N + such that 
y G U(x k ), that is, y G U(x m ) and yeU(xi), i.e. y G (Y" \ C/(xj)) if 
I < m. Since y~&U{xi) and Tj cl£ , (x/) C Tj cl V(xi) C U(xi), we obtain, 
that yGYj cl E(xi) for Z < m. Moreover, since TiNTj and ^(x) G Tj, 
we have TjCl£ , (xj) C TjdE(xi) and so y&Tj cl E(x{) for / < m. Thus 
yGF m = |J ^ cl£ , (x/). Therefore, we obtain y G C/(x m ) \ F m = W m G 

W and thus F C UW. 

Finally, let y G F be any point. Since F C UU', there is k G 
such that y G S(x fe ). Then n = for Z > k. It follows that 

is a j-open neighborhood of y, which intersects only finitely many 
elements of the family W. □ 

Definition 6.26. We will say that a BsS (F, t[, t' 2 ) of a BS (X, n, r 2 ) 
is -strongly quasi Lindeloff in X if for every covering V C Tj of F 
there exists a countable subfamily hi C V such that F C r,- cl UW. 
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It is clear that for a BsS (F, r[ < r 2 ) of a BS (X, Ti < r 2 ), we have: 
F is (2, l)-strongly quasi Lindeloff in X implies that F is 1-strongly 
quasi Lindeloff in X and F is 2-strongly quasi Lindeloff in X implies 
that F is (2, l)-strongly quasi Lindeloff in X. 

Theorem 6.27. Let (Y,t[,t^) be a BsS of a BS {X,t 1 ,t 2 ), Y E 
i-V(X), Y be -strongly quasi Lindeloff in X andY be (i, j) -strongly 
paracompact in X . Then X is i-Lindeloff. 

Proof. Let V be an i-open covering of X. Since F is (i, j)-strongly 
paracompact in X, there is an i-open covering U of X which refines 

V and such that U is j-locally finite at each point y E Y '. Let W be 
the family of all j-open subsets of X which intersect only finitely many 
elements of U. Clearly, F C UW and since F is (J, i)-strongly quasi 
Lindeloff in X, we can find a countable subfamily T C W such that 
F C ^ cl UT. Furthermore, every set U E LC, U ^ intersects at 
least one element of T . Indeed, if U n V — for each V E T, then 
U n (UT) = and since U E Ti, we have U n r,cl(UT) = 0. But 
F C Ti cl UT and so U H F = which is impossible since F G i-V(X). 
On the other hand, T is countable and every element of T intersects 
only finitely many elements of ti. It follows that U is countable and 
thus F is i-Lindeloff. □ 

Theorem 6.28. // (Y,t[ < t' 2 ) is a BsS of a BS (X,t x < r 2 ), 
F G 2-"D(X) and F is (2, l)-quasi paracompact in X , then Y is (2, 1)- 
paracompact in X . 

Proof. Let V be any 2-open covering of X, U" — |V^' : a G D} C t' 2 
refines V, Y — (J V^' and is 1-locally finite at each point of F. 

Let U' = {Vy. a E D) C r 2 such that fl F = V^' for each 
a E D. Since refines V, for each V" there is U a E V such that 
V^' C C/ Q . If U = {W a : W a = n U a , a E D}, then W refines 

V and Y = \JV" C [J W a . Hence, it remains to prove only that U is 

a a 

1-locally finite at each point x G F '. Contrary: there is a point x G F 
such that for each neighborhood U(xq) E T\ we have \{W a : W a E 
U, W a n C/(x ) 7^ 0}| > K . Since is 1-locally finite at x , there 
is V(xo) E T\ such that V(xo) intersects only finitely many elements 
of 1A" . Hence, there is a finite set {ak}^ =1 such that V(x ) fl V" ^ 
and V(x ) (1 V" = if a ^ a k . Let a ^ a k and W a n V(z ) 7^ - The 
inclusion T\ C r 2 implies that W a fl V(xo) G r 2 and since F G 2-£>(X), 
we have W a fl V(xo) H F 7^ 0. On the other hand, 



w a n F(x ) n F = F(x ) n (K n c/ a n F) = y(x ) n v^' = 



ON THE THEORY OF RELATIVE BITOPOLOGICAL AND 



53 



asa^ aifc. A contradiction. Hence, U C r 2 , U refines V, Y C and 
W is 1-locally finite at each point x G F. Thus Y is (2, l)-paracompact 
inX. □ 

Theorem 6.29. If (Y,t[ < t£) is (2, l)-paracompact in (X,Ti < r 2 ) 
and (2, l)-/ree regular in X , then Y is p-normal in X . 

Proof. Let A G cori, -B G cor 2 and Afl5 = 0. Since F is 
(2, l)-free regular in X, for each point a £ A there are disjoint neigh- 
borhoods U(a) G r 2 and U a (B fl F) G 7i. Clearly, the family 

V = {U(a) : «GA}U{I\A} 

is a 2-open covering of X as T\ C t 2 . Since F is (2, l)-paracompact in 
X, there is a family Lt C t 2 such that W refines V, Y C UW and W is 
1-locally finite at each point x e Y . Let W = {V e U : V D A ^ 0} 
and U = U W G r 2 . Then Afl7 C U. Clearly, W is also 1-locally 
finite at each point x G Y . Hence, if x G Y, then x G T\ cl [/ if and 
only if x G 7i cl V for some V G W. It is also obvious that W refines 
V. Moreover, since W = {V G U : V n A ^ 0}, for each V G W 
there is U(a) G V such that V C C/(a). Since U(a) n C/ a (S n Y) = 0, 
V C U(a) and [/ a (BnY) G n, we have n clFn f/ fl (Bny) = 0. Hence 

n cl c/ n (s n f) = 0. Let = x \ n cl c/ g n. Then snycf, 

An7c(/ and U HW = 0. Thus F is p-normal in X. □ 

Corollary 6.30. If (Y,r[ < r 2 ) (2,1) -paracompact in a (2,1) -re- 
gular BS (X, ri < r 2 ) ; £/ien F p-normal in X. 

Proposition 6.31. Let (X, ti,t 2 ) &e a BS. T/ien the following 
conditions are satisfied: 

(1) If(Z,r'l,T'i) C (F,r{,^) C (X,n,r 2 ) andY is (iJ)-RR-para- 
compact, then Z is (i,j)-quasi paracompact in X. 

(2) //(F,rr,rf) C (Y u t'{,t%) C (X^t^t*) C (X,n,r 2 ) andY, is 
(i,j)-quasi paracompact in X\, then Y is (i,j)-quasi paracom- 
pact in X. 

Proof. (1) Let V be any i-open covering of X. Then V fl F = {[/ fl F : 
U G V} is an 2-open covering of F and, hence, there is a i-open covering 
U of F such that W refines V and U is j-locally finite at each point 
of F. Clearly, 1A D Z is an i-open covering of Z, W fl Z refines V, 
U fl Z is j-locally finite at each point of Z and thus Z is (i, j)-quasi 
paracompact in X. 

(2) Let V be any 2-open covering of X. Then VflXi = {C/flXi : [/ G 
V} is an i-open covering of X\. Since Y\ is (i, j)-quasi paracompact in 
Xi, one can find a covering W of Y 1 by i-open in F x sets which refines 
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VnXi and so - V, and which is j-locally finite at each point of Y\. It 
is clear, that U DY = {V DY : V E hi] is a covering of Y by i-open in 
Y sets, j-locally finite at each point of Y and since hi refines VnXi, 
hi C\Y refines V, that is, Y is (i, j)-quasi paracompact in X. □ 

Theorem 6.32. Let (Y,r[ < t' 2 ) be a BsS of a BS (X, n < r 2 ). 
Taen t/ie following conditions are satisfied: 

(1) //X is 1-T 2 and F (2, \)-quasi paracompact in X, then Y is 
(1, 2) -regular. 

(2) If X is 1-T 2 and F (2, 1) -paracompact in X , then Y is (1, 2)- 
regular in X . 

(3) 7/F is (2, \)-quasi paracompact in X and (2, l)-free regular in 
X , then Y is p-quasi normal in X . 

Proof. (1) Let x E F, F G cor{ and xEF. Then xGYiclF G coti. 
Since X is 1-T 2 , it is p-T 2 and so for each point y G T\ clF there are 
disjoint neighborhoods C/j,(x) G ri and {7 X (7/) G r 2 . Clearly, 

V={t/ X (y): 2/ er 1 clF}u{X\r 1 clF} 

is a 2-open covering of X as Ti C r 2 . Since X is (2, l)-quasi para- 
compact in X, there is a family hi = {V} C t' 2 such that F = \JU, 
U refines V and U is 1-locally finite at each point of F. Let W = 
{V G U : V H F 0} and C/ = UW. Then it is clear that 
W refines V and W is 1-locally finite at each point y G F, so that 
£ G Ti cl U if and only if there is V G W such that £ G T\ cl V. Since 
W = {V G W : V n F ^ 0}, for each F' G W there is C/ X (y) G V 
such that V C U x (y). Since U x (y) n U y (x) = for such U x (y) and the 
corresponding C/ y (x) G Ti, we have a; gVi clV for each V' G W. Since 
W is 1-locally finite at each point of F, we have xGriclC/. Clearly, 
x G X\ncl[/ = W G ri and so W f (1Y = W G r{, F C C/ G r^, where 
UC\W = 0. Thus F is (1, 2)-regular. 

(2) Let x G F, F G co T\ and xE F. Then for each point y G F, there 
are disjoint neighborhoods U y (x) G Ti and U x (y) G r 2 . The family 

V={^(n): nGr lC lF}u{X\F} 

is a 2-open covering of X as Ti C r 2 . Since F is (2, l)-paracompact in 
X, there is a family W = {V} C r 2 , W refines V, F C and hi is 
1-locally finite at each point of F. Let W = [V E hi : V n F ^ 0} 
and U = UW G r 2 . Clearly, W refines V and W is 1-locally finite 
at each point of F. Hence for each t E F, t E r± cl U if and only if 
£ G Ti cl V for some V G W. For each V G W there is C/ X (y) G V such 
that F C U x (y). Since C/ X (y) fl U y (x) = and each U y (x) E ri, we 
have xGr! cl F for each V E W. Since W is 1-locally finite, xEti cl U. 
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Clearly, x G X \ n cl U = W G n, F n Y C U and W n U = 0. Thus 
Y is (1, 2)-regular in X. 

(3) Let A e con, B e cor 2 and AnB = 0. Since Y is (2, l)-free 
regular in X, for each point a G A there are disjoint neighborhoods 
17(a) G r 2 and £/ a (77nF) G n. Clearly, V = {U(a) : ae A}u{X\A} 
is a 2-open covering of X as Ti C t 2 . Since F is (2, l)-quasi paracompact 
in X, there is a family W = {V} C r^, W refines V, Y = \JH and W is 
1-locally finite at each point of Y . Let W = {V G U : V (~) A 0} 
and [/ = UW G r^. Then A n F C U and W is 1-locally finite at each 
point of F. Hence, if x G F, then 

x G Ti cl [/ if and only if i G ^ cl V' for some V' G W (*) 

Since W C U, W refines V. Moreover, since W = {V e U : V n 
A 7^ 0}, for each V G W there is a G A such that V" C C/(a). 
Since U(a) n £/ a (77 fl F) = for such [/(a) and F' C U(a) we have 
V" fl UjyB n F) = 0. Hence 

n cl V n C/ a (77 n F) = for each V G W 

since £/ a (77 n F) G r x . By (*), n cl U n (77 n F) = 0. Let 

W = X\nclf/ G n and W = W" nFGr{. 

Then 

AnYcUe^, Bf]Y CW er[ 

and C/ fl W = 0. Thus F is p-quasi normal in X. □ 

Definition 6.33. We will say that a BS (X, ri,r 2 ) has an 
strong paracompactness property if for every set F £ coT i} ^ F ^ X , 
and every family of sets V = {U a : a E A} C tj such that F C UV 
there is an i-locally finite family U — {Vp : /3 G 77} C r,- such that 
F C UW and W refines V. 

Proposition 6.34. Every p-Hausdorff BS having a p-strong para- 
compactness property, is p-regular. 

Proof. Let a G X, F G cot; and a~eF. Then for each point x E F 
there are disjoint sets C/ X (a) G and C/ a (x) G r,-. Hence, 

C/ X (a) fl Ti cl C/ a (x) = for each x G 77. 

Clearly, V = {^(rr) : x G 7 1 } C Tj and by condition there is a family 
W = {14 : a e A} C Tj such that F C UW, W refines V, and W is 
i-locally finite. Hence, for each a G A there is x G F such that 



\4 C U a (x) C X \ U x (a) = n cl(X \ U x (a)) C X \ {a}. 
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Therefore, Tj cl V a C cl C/ (a;) C X \ {a}, for each a <E A. Since W is 
i-locally finite, cl (J V a = (J cl 14 and hence, 

aeA aeA 

r lC \\JV a = \Jr lC \V a cX\{a}. 

aeA aeA 

Let U(a) = X \ nc\ {J V a e n and U(F) = \J V a G r,. Then 
[/(a) n U(F) = and thus X is p-regular. □ 

Proposition 6.35. Every (1, 2) -regular BS having the (2,1) -strong 
paracompactness property or every (2, l)-regular BS having the (1,2)- 
strong paracompactness property, is p-normal. 

Proof. For example, let us prove the first case. Let A G co Ti, S G co T2 
and AflB = 0. Since X is (1, 2)-regular, for each x E B there are 
disjoint neighborhoods C/ X (A) G r 2 and C/a(x) G Ti. Hence 

C^.(A)nr2clC^(a:) = 0. 

Clearly, V = {Ua(x) : x G fl} C n is a 1-open covering of 5 and 
since X has a (2, l)-strong paracompactness property, there is family 
U = {V a : a G D} C Ti such that U is 2-locally finite, U refines V 
and B C UW. Clearly, for each a £ D there is x G -B such that 

K C C/ A (x) Cl\[/ I (A) = r 2 cl(X \ U X (A)) C X \ A. 

Hence 

r 2 cl V a C r 2 cl C/a(x) C X \A for each a £ D. 
Since W is 2-locally finite, we have 

r 2 cl \JV a ={J r 2 c\V a 

aeD aeD 

and, therefore, 

r 2 d[jV a = \Jr 2 c\V a C\X\A. 

aeD aeD 

Let U(A) = X \ r 2 cl (J F a and U(B) = [j V a . Then U(A) G r 2 , 

oS-D aeD 

U(B) G ti and U(A) n C/(-B) = 0. Thus, X is p-normal. □ 

Definition 6.36. A BsS (Y, t[, t^) of a BS (X, n, r 2 ) is (i, j) -strongly 
pseudocompact in X if every family V — {U a : a G D} C Tj such that 
C/ a fl F 7^ for each aeD and V is j-locally finite at each point of 
F, is finite. 
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For a BsS (Y,t{ < t' 2 ) of a BS (X,n < r 2 ), we have: Y is (1,2)- 
strongly pseudocompact in X implies that Y is 1-strongly pseudocom- 
pact in X and Y is 2-strongly pseudocompact in X implies that Y is 
(2, l)-strongly pseudocompact in X. 

Proposition 6.37. If {Y,t[,t' 2 ) is a BsS of a BS (X,t 1 ,t 2 ), Y is 
(i, j)- strongly pseudocompact in X and (i , j) -paracompact in X, then 

Y is i-compcat in X. 

Proof. Let V be an arbitrary i-open covering of X. Since Y is 
paracompact in X, there is a family W C r; such that U refines V, 

Y C VSH and U is j-locally finite at each point of Y . We may also 
assume that U H Y ^ for each set U € W. Since F is (i, j) -strongly 
pseudocompact in X, It is finite and so, Y is i-compact in X. □ 

Corollary 6.38. If (Y,t[,t 2 ) is a BsS of an (i, j) -regular BS 
(X, r 1 ,r 2 ) ; TjCri, TiNTj, Y is j-Lindeloff in X andY is (i, j) -strongly 
pseudocompact in X , then X is i-compact. 

Proof. By Theorem 6.25, Y is (i, j)-paracompact in X and it remains 
to use Proposition 6.37. □ 

Corollary 6.39. If (Y,t[,t 2 ) is (i, j)- strongly pseudocompact in 
X and (i, j) -paracompact in X, where X is i-regular, then TjclF is 
i-compact. 

Proof. By Proposition 6.37, Y is i-compact in X. Since X is i-regular, 
by [19], Tjdy is i-compact. □ 

Corollary 6.40. If (X,ti,t 2 ) is i-regular, (i, j) -regular, TjCri, TiNTj, 

Y is (i, j) -strongly pseudocompact in X andY is j -Lindeloff in X , then 
TjdF is i-compact 

Proof. Indeed, by Theorem 6.25, Y is (i, j) -paracompact in X and 
hence, it remains, to use Corollary 6.39. □ 

Corollary 6.41. Let (Y,t[ < t 2 ) is 2-Lindeldff in (X,Ti <n t 2 ), Y 
is (1,2) -strongly pseudocompact in X and X is 1-regular, then T\c\Y 
is 1- compact. 

Proof. Indeed, since T\ C t 2 , we have t 2 Ct\ and X is 1-regular implies 
that X is (1, 2) -regular. Hence, by Theorem 6.25 for % — 1, j — 2, we 
have that Y is (1, 2)-paracompact in X. Therefore, by Corollary 6.39, 
T\ clF is 1-compact. □ 

Theorem 6.42. For a BS (X, Ti,t 2 ) the following conditions are 
satisfied: 
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(1) If (Y,t",T2) is (i, j) -strongly pseudocompact in X, then 
(Tj cl F, t[, t^) is (i, j) -strongly pseudocompact in X too. 



(2) //(Z,t{',<) C (Y,t{,t£ C (X,n,T 2 ) and Z is (i, j)- strongly 



pseudocompact in Y , then Z is (i, j)- strongly pseudocompact in 
X as well. Moreover, if Y G i-V(X), then Z is (i, j) -strongly 
pseudocompact in Y if and only if Z is (i, j)- strongly pseudo- 
compact in X . 

(3) If (Z, t", Tg) is (i, j) -strongly pseudocompact in X , then there is 
a BsS (Y,t[,t£ ofX such that Y G i-V(X), Z C Y, Z G cor/ 
and Z is (i, j) -strongly pseudocompact in Y . 

Proof. (1) Let V = {U a : a G A} C r i? V be j-locally finite at each 
point of Ti cl Y and U a fl cl Y ^ for each a G A. Clearly, V is also 
j-locally finite at each point of Y and since Y G r i5 U a fl T; cl Y ^ 
implies that U a fl Y 7^ for each a <E A. But F is (i, j)-strongly 
pseudocompact in X and so V is finite. 

(2) First, let Z be (i, j)-strongly pseudocompact in F, V = {C/ Q : 
a G A} C Tj, V be j-locally finite at each point of Z and U a fl Z ^ 
for each a G A. Let us consider the family 



Since V is j-locally finite at each point of Z, V' is also j-locally finite 
at each point of Z. Moreover, Z cY gives 

U' a D Z = (U a n Y) n Z = U a n Z + for each a G A. 

Since Z is (i, j)-strongly pseudocompact in Y, V' is finite and thus, V 
is finite a well. Hence, Z is (i, j)-pseudocompact in X. 

Now, let F G i-T>(X) and Z be (i, j)-strongly pseudocompact in X. 
Let U' — \U' a : a G i} C r^, W' be j-locally finite at each point of Z 
and U' a n Z ^ for each a G A Let W = {(/ a : C/ Q n F = U' a } C 7*. 
Clearly, 

f/ a flZ = (U a nY)nZ = U' a nZ^0 for each a E A. 

Let us show that W is j-locally finite at each point of Z. Contrary: 
there is z G Z such that U is not j-locally finite at z. Hence, for each 
neighborhood U(z) G Tj we have 



Since F G i-V(X), for each U e n\ {0} we have Z7 n F ^ and so, if 



then U a DY ^ for each U a G A Since Z C F, we have C/^n U(z) ^ 
for each [/£ G A, where A' = {U' a = U a n F : C/ Q G A}. Hence 



V' = {U' a = U a DY: aeA} C r/. 



w, c/ a n ^0} > k . 



A={U a e 



U: U a f] U{z) ^ 0}, 
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\*A!\ > which is impossible. Therefore, U is j-locally finite at each 
point of Z and since Z is (i, j)-strongly pseudocompact in X, U is finite. 
Hence U' is also finite and thus, Z is -strongly pseudocompact in 
Y. 

(3) Let Y = X\ (r iC \Z\Z). Then 

r iC \Y = Ti((X\TidZ) U Z) = X 

and Z C Y. Hence, by the second part of (2), Z is (i, j)-strongly 
pseudocompact in Y. Finally, 

n ci z n y = n ci z n ((x \ r< ci z) u z) = z 

and so Z G co t[. □ 

The next five sections are devoted to introducing and studying of 
the relative bitopological inductive and covering dimension functions, 
their interrelations and also, to the new inductive and relative induc- 
tive dimension functions, the so called separately inductive dimension 
functions. Note also here that the relative bitopological inductive di- 
mension functions will be characterized in two different ways: as in 
terms of neighborhoods so by means of partitions. Relative topological 
dimension functions have been considered in [5], [23], [24], [26]. 

7. (i, j)-Small Relative Inductive Dimension Functions 

Definition 7.1. Let (Y,-^,^) be a BsS of a BS (X,t 1 ,t 2 ) and n 
denote a nonnegative integer. We say that: 

(1) (i, j)-mA(J,X) = -1 if and only if Y = 0. 

(2) (i, j)-ind(Y, X) < n if for each point y 6 7 and any neighbor- 
hood U(y) G n there is a neighborhood V(y) G n such that 
tj c\V(y) C U(y) and 

(i, j)-md ((j,i)-Ft x V(y) DY,X)<n-l. 

(3) (i, j)-ind(Y, X) = n if (i, j)-md(Y, X) < n and the inequality 
(i : j)-md(Y,X) < n — 1 does not hold. 

(4) (i,j)-md(Y,X) = oo if the inequality (i, j)-ind(Y, X) < n does 
not hold for any n. 

As a rule, 

p-ind(F,X) < n <=^> ((l,2)-ind(F,X) < n A (2, l)-ind(Y, X) < n). 

Recall also here that the small relative inductive dimension was in- 
troduced by V. V. Filippov. 
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From the our point of view this fact is motivated by the well-known 
topological lemma, following which for a TsS (F, r') of a hereditarily 
normal TS (X, r) we have ind Y < n if and only if for each point x G F 
and any neighborhood U(x) G r there is a neighborhood V(x) G r 
such that rclV(x) C U(x) and ind(Frx V"(x) (17) < n — 1, and is 
confirmed by Proposition 1 in [23] which says that for any TsS (F, r') 
of a hereditarily normal TS (X, r) take place the equality ind Y = 
ind(F,X). 

Remark 7.2. Let us show that for any subset Y C X and any 
nonnegative integer n we have: (i, j)-ind(Y, X) < n if and only if 
for each point x G F and any neighborhood C/(x) G r, there is a 
neighborhood V(x) G r, such that 

rj clV(a:) C C/(x) and (i, j")-iad ((j,i)-Fr x V(x) n7)<n-l (*) 

in the sense of (1) of Corollary 3.1.6 in [8]. 

We shall prove this equivalence by induction under a nonnegative 
integer n = (i, j)-md(Y, X). 

Indeed, by (1) and (2) of Definition 7.1 and (1) of Definition 3.1.3 in 
[8], for n = we have: (i, j)-md(Y, X) < •<==>- (for each point x EY 
and any neighborhood U(x) G r, there is a neighborhood V(x) G r, 
such that rjClV^z) C C/(x) and (i,j)-md((j,i)-Fr x V(x) 17,1) = 
— l) <^=^> (for each point x G Y and any neighborhood C/(x) G 
there is a neighborhood V(x) G r, such that Tj c\V(x) C C/(x) and 
(j,i)-FrxV(x) 17 = 0) <^=^> (for each point x £ Y and any neigh- 
borhood U(x) G Tj there is a neighborhood V(x) G Tj such that 
rj-ciy(a;) C U(x) and (i, i)-ind((j, z)-Fr x V(x) DY) = -l). 

Now, suppose that for any subset Y C X the equivalences: 
(i,j)-md(Y,X) < k <^=^> (for each point x EY and any neighborhood 
U (x) G Tj there is a neighborhood V(x) G Tj such that Tj cl V(x) C U(x) 
and (i, i 7')-ind(( i 7, i)-Frx V(x)nY, X) < k—l) <^=^> (for each point x G F 
and any neighborhood U (x) G there is a neighborhood V(x) G Tj such 
that Tj cl V(x) C U (x) and 

(i, j>ind ((J,i)-Frx V(x) n7)<fe-l) (**) 

are proved for n < — 1 and prove they for n — k. 

Once more applying (2) of Definition 7.1 we obtain: (i, j)-ind(F, X) = 
k <^=^> (for each point x G F and any neighborhood [/ (x) G Tj there is a 
neighborhood V(x) G Tj such that r,clF(a;) C U(x) and 
(i, j)-ind((j,i)-Pr x V(x) n F,X) < fc - l). 

Since (**) holds for any subset F C X, by inductive hypothesis the 
equivalence (*) is proved. 
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Hence, it should be noted, that the definitions of relative inductive 
functions (i, j)-ind(F, X) given in Remark 7.2, are generalizations of 
the topological lemma, mentioned before Remark 7.2. 

Theorem 7.3. // (Y,t[,t£) is a BsS of a BS (X,t 1 ,t 2 ), then the 
following conditions are satisfied: 

(1) (i,j)-indF < (i,j)-md(Y,X) < (i,j)-mdX. 

(2) (i,j)-md(X,X) = (i,j)-mdX. 

(3) IfZcY, then 

(i,j)-md(Z,Y) < (i,j)-md(Z,X) < (i, j)-md(Y, X). 

Moreover, if T\ C t 2 , then 

(4) (l,2)-indF < (1, 2)-ind(F, X) < (l,2)-indX < 1-indX and 

2-indF < (2,l)-indY < (2, l)-ind(F, X) < (2,l)-indX 

Proof. (1) First, let us prove the left inequality by induction under a 
nonnegative integer n = (i,j)-md(Y,X). Suppose that the inequality 
is proved for n < k — 1 and prove it for n = k. Let x G Y be any point 
and U'(x) G t[ be any neighborhood. If U(x) D Y — U'(x), then by 
(i, j)-ind(Y, X) = k there exists V(x) G such that TjclV(x) C U(x) 
and 

(i, j)-md {{j,i)-Fi x V(x) DY,X)<k-l. 

Hence, by inductive assumption, (i,j)-ind ((j, i)-Frx V(x)nY^j < k — 1. 
Moreover, TjdV'(x) C U'(x) for V'(x) = V(x) fl F and since 

(j, ^)-Fr y ^'(x) C (j, i)-Pr x ^(x) fl Y, 

by the monotonicity, i.e., by (2) of Proposition 3.1.4 in [8], 

(i,j)-md(j,i)-Fr Y V'(x)<k-l. 

Therefore, by (1) of Corollary 3.1.6 in [8] (i,j)-mdY < k and so 
(i,j)-indY<(i,j)-ind(Y,X). 

Now, let us prove the right inequality by induction under n = 
(i,j)-indX. Suppose that the inequality is proved for n < k — 1 and 
prove it for n = k. Let x G Y C X be any point and C/ (x) G T; be any 
neighborhood. Then by (1) of Corollary 3.1.6 in [8] there is a neighbor- 
hood V(x) G Tj such that Tj cl V(x) C C/(x) and («, j)-ind(j, i)-Frx V"(x) 
< A; — 1. Hence, by inductive assumption 

(i,j)-md ((J, i)-Fr x V{x) fl F, (j, i)-Pr x F(x)) < k - 1 

and by the left inequality 

(i, j)-ind ((j,i)-Pr x F(x) n F) < k - 1. 
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Thus, by Remark 7.2, (i, j)-ind(Y, X) < k and so (i,j)-iad(Y,X) < 
(iJ)-mdX. 

(2) The equality follows directly from (1) for Y — X. 

(3) First, let us prove the right inequality, i.e., 

(i,j)-md(Z,X)<(i,j)-md(Y,X) 

(the monotonicity property of the (i, j)-small relative inductive 
dimensions). 

Let n = (i, j)-md(Y, X), the inequality be proved for n < k — 1 
and prove it for n — k. If x G Z is any point and U(x) G 7$ is any 
neighborhood, then x G Z C Y and (i, j)-ind(F, X) = k imply that 
there is a neighborhood V(x) G r, such that Tj c\V(x) C C/(x) and 

(i, j)-ind ((j,i)-Frx V» n Y,X) < k - 1. 

Since Z C F, we have 

(j, *)-Fr x V» HK (j, ? )-Fr x V(x) fl F 

and by inductive assumption, 

(i,j)-md((j,i)-Fr x V(x)nZ,X) < 

< (i,j)-md((j,i)-Fr x V(x)r)Y,X) < k - 1. 

Thus (i, j)-ind(Z, X) < k and so (i, j)-ind(Z, X) < (i, j)-md(Y, X). 

Now, let us prove the left inequality by induction under n = 
(i, j)-ind(Z, X). Let the inequality be proved for n < k — 1 and prove 
it for n = k. Let xGZbe any point and U'(x) G t[ be any neighbor- 
hood. Since x G Z C F and («, j)-ind(Z, X) = fc, for C/(x) G Tj, where 
[/(x) n F = £/'(z), there is V(x) G 7* such that tj c\V(x) C C/(x) and 

(i,j)-ind ((j,0-Frx F(x) DZ,X) < k - 1. 

If y'(a;) = V(x) n F, then rjclF'^) C C/'W- Since 

(j, i)-Fr Y V"(x) C (j, *)-Fr x V» n F 

and Z C F, we have 

(j, i)-Fr y V\x) HZ C (j, i)-Pr x V(x) n Z. 

Hence, by the right inequality, 

(i,j)-md((j,i)-Fr Y V'(x)nZ,X) < 

<(i,j)-md((j,i)-Fr x V(x)nZ,X) < k - 1. (*) 

Therefore, by the inductive hypothesis and (*), 

(i,j)-md((j,i)-Fr Y V'(x)nZ,Y) < 

< (i,j)-md ({j,i)-Fi Y V'(x) n Z,X) < k - 1. 
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Thus, (i,j)-iad(Z, Y) < k and so (i, j)-ind(Z, Y) < (i, j)-ind(Z, X). 

(4) Finally, for the case T\ C r 2 it suffices to use (f) above and (f) 
of Theorem 3. f. 36 in [8]. □ 

Theorem 7.4. For an i-open BsS (Y,t[,t£) of an (i, j) -regular BS 
(X, Ti,t 2 ) the following conditions are satisfied: 

(1) Ifp-dZ C Y, then (i,j)-ind(Z,X) = (i,j)-md(Z, Y). 

(2) (i,j)-ind(Y,X) = (i,j)-mdY. 

Proof. (1) By (3) of Theorem 7.3, it suffices to prove the inequality 
(i,j)-md(Z, X) < (i, j)-md(Z, Y). We shall use the induction under 
n = (i,j)-md(Z, Y). Suppose that the inequality is proved for n < k — 1 
and prove it for n = k. Let x G Z be any point and U (x) G r, be any 
neighborhood. As Y G Tj, one can assume that U(x) C Y. Since X 
is (i, j)-regular and (i, j)-ind(Z, F) = fc, there is V(x) G Tj such that 
Tj cl V(x) C U (x) and 

(i, j)-ind ((j, i)-Pr y ^(x) nZ,y) < k - 1. 

Clearly, 

p-ci ((j, i)-Pr y ^(x) nz) cp-cizcy 

and so, one can use the inductive assumption under the set 
(j,i)-Fr Y V(x) n Z, i.e. 

(i, j)-md ((j, «)-Fr y V(x) HZ,X)< 

< (i,j)-md ((j,i)-Fr Y V(x) n Z, Y) < k - 1. 

On the other hand, since Tj cl V(x) C [/(i) CF and hence, 

(j,0-FryV(x) = (j,2)-Fr x \/( a ;), 

we have 

(ij)-md ({j,i)-Frx V(x) C\Z,X) <k-l 

so that (i,j)-ind(Z,X) < k. Thus (i, j)-ind(Z, X) < (i,j)-md(Z, Y). 

(2) By (1) of Theorem 7.3, it suffices to prove the inequality 
(i, j)-md(Y, X) < (i, j)-indY , where (i,j)-indY = n. Let the inequal- 
ity be proved for n < k — 1 and prove it for n = k. Let x G Y be any 
point and U(x) G Tj be any neighborhood. But Y G Tj and one can 
assume that C/(x) C F. Since X is (i, j)-regular and (i,j)-mdY = k, 
there is V(x) G Tj such that Tj c\V(x) G U(x) GY and 

(i,j)-md(j,i)-Fr Y V(x) = (i, j)-md(j, i)-Fr x V(x) < k - 1. 

But (i,j)-mdY = (i, j)-'md(Y,Y) and one can suppose that 

(i, j)-md {(j, i)-Fr x V(x) n Y, Y) < k - 1, 
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where (J, i)-Frx V(x) PI Y C F and so 

(i,j)-ind(0',i)-Fv x y(x),y) < fc- 1. 

Since 

p-clO',i)-Pr x V{x) = (j,i)-Fr x V(x) C Y, 
one can consider in (1) the set (j,i)-Fr x V(x) instead of Z, and so 

(i,j)-md((j,i)-Fr x V(x)nY,X) = (i,j)-md ((j, i)-Fr x V(x), X) = 

= (i, j)-ind {(j,i)-Fr x V(x),Y) < k - 1. 

Therefore (i, j)-ind(y X) < k and thus (i, j)-ind(Y, X) < (i, j)-ind Y. □ 

Proposition 7.5. // (Y, r^r^) is a BsS o/ a BS (X, Ti,r 2 ) and 
y = Yi U y 2; £nen 

(i, j)-ind(y,X) < (i,j)-md(Y 1 ,X) + (i, j)-ind(y 2 , X) + I. 

Proof. We shall use the induction under 

n = (i,j)-md(Y u X) + (i, j)-ind(y 2 ,X). 

Let the inequality be proved for n < k — 1 and prove it for n = k. 
Without loss of generality let x G y cF. Then for any neighborhood 
U(x) G Tj there is V(x) G such that TjCiy(x) C U(x) and 

(i,i)-md((i,i)-^xn^)nyi,X) < (i,j)-md(Y 1 ,X)-l. 

Since 

(j, i)-Pr x y(x) n y = ((j, 2)-Fr x y(x) n y) u ((j, *)-Fr x v(x) n y 2 ) 

and 

(2,j)-md((j,0-Fr x y( a ;)ny 1 ,X) + 

+(i,i)-ind((j,i)-Fr x y(x)ny 2 ,x) < 

< (2,j)-ind(y,X) - 1 + (*,j)-ind(y 2 ,X) = k - 1, 
one can use the induction under the set (j,i)-Fr x V(x) fl Y. Hence, 

(i,j)-md ((j, i)-Fr x V(x) DY, X) < k - 1 + 1 = k 

and so (i,j)-ind(Y,X) < k + 1. □ 

Proposition 7.6. For any BsS (y r^r^) o/a hereditarily p-normal 
BS (X, Ti,r 2 ) we nave (i, j)-ind(y X) = (i,j)-indy. 

Proof. First, let us prove that if U' G r/, then there is U G Tj such that 
U n y = U' and (j, i)-Fr x [/ n y = (j, i)-Pry [/'. Indeed, for the sets 
U' and y \ Tj cl [/' we have: 

fa ci c/' n (y \ rj cl u')) u (c/' n ^ ci(y \ rj cl c/')) = 
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and by (5) of Definition 1.1, there are U G rj, V G Tj such that U' C U, 
Y \ rj cl U' C V and U n V = 0. Hence Tj c\Uf](Y\ rj cl U') = 0, i.e., 
TjdUHY = rj cl C/' and so 

(j, i)-Pr x C/ n Y = {Tj cl C/ \ U) n Y = rj cl U'\U'= (j, i)-Fr Y U'. 

Evidently by (1) of Theorem 7.3, it suffices to prove that 
(i,j)-md(Y,X) < (i,j)-indY. Let (i, j)-indY = n, the inequality be 
proved for n < k — 1 and prove it for n = k. Let x G y and C/ (x) G r« be 
any neighborhood. Since (i, j)-indY = n, there is V'(x) G such that 
rj cl V(x) C C/(x) n y and (i, j)-ind ((j, i)-Pr y V(x)) < fc - 1. But, by 
the first part of the proof, there is V(x) G r, such that V(x)(~)Y = V (x), 
(j, i)-Fr y y'(x) = (j, i)-Pr x y(x) n y and so 

(i,i)-ind (0',i)-FY x y(^) ny)<fc-i. 

Hence, by the inductive assumption, 

(i,j)-md((j,i)-Fr x V(x)nY,X) < 

< (i,j)-md ((j, i)-Fr x V(x) n Y) < k - 1 

so that (i, j)-ind(y,X) < fc and thus (i, j)-ind(Y, X) < (iJ)-mdY. □ 

Proposition 7.7. // (Y, r{,r 2 ) is a p-perfectly normal BsS of a 
p-normal BS (X, ri,r 2 ) and F £ coti H cor 2 , £/ien (i, j)-ind(Y, X) = 
(iJ)-mdY. 

Proof. By Proposition 7.6 it suffices to prove that if U' G r/, then there 
is U G 7j such that U n V = [/' and (i, j)-Fr x [/ n V = (j, i)-Pr y £/'. 
Since (Y, rj, r 2 ) is p-perfectly normal and Y G co T\ fl cor 2 , we have 

c/' g j-^(y) c j-^(x), y \ rj ci u' g ^(y) c ^pr), 

rj cl [/' = rj cl U' and r,' cl(y \ rj cl [/') = n c\(Y \ rj cl U'). 
Hence 

cl c/' n (y \ rj cl [/')) U ([/' n n cl(y \ r, cl U')) = 0. (*) 

Since (X, ri,r2) is p-normal, [/' G j-J- a (X), Y \ r'-cXU 1 G i-J r a {X) and 
(*) is satisfied, by Lemma 2.21, there are U G r,, F G r,- such that [/' C 
[/, y \ rj cl U' C V and U n V = 0. Clearly, cl C/ n (Y \ rj cl [/') = 
and hence, TjdU fl Y = rj cl [/'. Thus, 

(j, i)-Fr x U n y = (r jC \U\U)nY = rj cl U' \U' = (j, i)-Fr Y U'. 

Therefore, it remains to use the second part of the proof of Proposi- 
tion 7.6. □ 

Theorem 7.8. If f : {X,T\ < r 2 ) — > (Xl,7i < 72) is a d-continuous 
surjection and (Y, rj < r 2 ) is fl BsS of X such that the restriction 
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/| : (Y,t[ < T2) — > (Yi = /(Y), 71 < 7 2 ) zs a d-homeomorphism, 
then (l,2)-ind(Y,X) < (1, 2)-ind(Y, Xi). Moreover, (X l5 7l , 72 ) is 
hereditarily p-normal, then 

(l,2)-ind(Y,X) = (l,2)-ind(Yi,Xi) = (l,2)-indY 

Proof. First, let us prove the inequality (1, 2)-ind(Y, X) < 
(1, 2)-ind(Y"i, Xi) by induction under n = (1, 2)-ind(Yi, X-y). Suppose 
that the inequality is proved for n < k — 1 and prove it for n — k. Let 
x G Y be any point and U(x) G T\ be any neighborhood. Since f\ y is 
a d-homeomorphism, we have f(U(x) (17) G 7^ Furthermore, since 
(l,2)-ind(Fi,Xi) = fc, for a set U G 71, where U DY 1 = f{U{x) n Y), 
there is VY G 71 such that 72 cl 1Y C £/ and 

(1, 2)-ind ((2, l)-Fr Xl W fl Y, X x ) < fc - 1. 

Let V(x) = f~ l {W) n C/(x) G ri and let us prove that (2, 1)-Fr x V{x) n 
Y C /- 1 ((2,l)-Fr Xl W)HY. 
Indeed, 

(2, 1)-Fr x V(x) = (2, 1)-Fr x (r\W) n C/(x)) = 
= ((2, 1)-Fr x /^(W) n (2, 1)-Fr x [/(*)) U 
U((2, 1)-Fr x r\W) n C/(z)) U ((2, 1)-Fr x C/(x) fl /"W), 

as (2, 1)-Fr x V(x) = 2-Fr x V(x) for V(x) E n C r 2 . Since WnYi C UD 
Y x = f (U(x)r\Y), it is evident that ((2, 1)-Fi x U(x)nf~ 1 (W))nY = 
so that 

((2, 1)-Fr x f-\W) n (2, 1)-Fr x U(x)) U 
u((2,l)-Fr x f- l (W)nU(x)) C 
C (2,1)-Fr x r 1 (iy) C r 1 ((2,l)-Fr Xl W). 

Therefore 

(2, 1)-Fr x Y (x) n y C r 1 ((2, l)-Fr Xl n 7 = T 1 ((2, l)-Fr Xl W n Y) 
and so 

/((2, i)-Fr x v(x) n y) c/((2, i)-Fr x y(x)) n 7 lC (2, i)-Fr Xl iy n y. 

Hence, by inductive assumption and (3) of Theorem 7.3, 
(l,2)-ind((2,l)-Fr x y(x)nyX) < 

< (l,2)-md(f((2,l)-Fr x V(x)nY),X 1 ) < 

< (1, 2)-ind ((2, l)-Fr Xl W fl y, < k - 1, 

so that, (l,2)-ind(Y,X)<A;. Thus (1, 2)-ind(y X) < (1, 2)-ind(y, Xj. 
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For the second part, first of all note that /| : (Y,t[ < t%) — > 
(Yi = /(F), 7^ < 72) is a d-homeomorphism implies that (1, 2)-ind Y = 
(l,2)-indli. On the other hand, since (^G., 71,72) is hereditarily 
p-normal, by Proposition 7.6, (1, 2)-ind(Yi, Xi) = (1, 2)-ind Y 1 . Hence, 
by (1) of Theorem 7.3, it suffices to prove only that (1, 2)-ind(Y, X) < 
(1, 2)-ind Y. Let (1, 2)-ind Y = n, the inequality be proved for n < k — 1 
and prove it for n — k. If x G Y is any point and U (x) G T\ is any neigh- 
borhood, then there is V'(x) G r[ such that t' 2 cl V'(x) C U(x)C\Y and 
(1, 2)-ind ((2, 1)-Fry V'(x)~j < k — 1. Since /| is a rf-homeomorphism, 
we have /(V(a;)) G 7^ and since (^1,71,72) is hereditarily p-normal, 
by the proof of first part of Proposition 7.6, there is W G 71 such that 

WnY 1 = f(V'(x)) and (2, l)-Fr Xl W n ^ = (2, l)-Fr Yl f(V'(x)). 

Let Y(x) = f~ l {W) n £/(x). Then V(ar) G n and V(x) n Y = V'(x). 
Let us prove that (2, 1)-Fr x V(x) n Y = (2, 1)-Fr y V'(x). First, let us 
show that 

(2, 1)-Fr x f-\W) C /" 1 ((2, l)-Fr Xl W). 

Indeed, let 

x G (2, 1)-Fr x / _1 (iy) = r 2 cl /^(W) \ f~ l (W). 

Then /(#) G /(r 2 c\f~ 1 (W)) and /(x)eW. Since / is (/-continuous, 
it is 2-continuous and so 

f{r 2 c\r\W)) C 72 cl (/r 1 ^)) = 72 clW. 

Therefore, 

/(x) G 7 2clW\W=(2,l)-Fr Xl W 

so that x G / _1 ((2, l)-Fr Xl W). 
Hence 

(2, 1)-Fr x r 1 ^) n Y C /- 1 ((2, l)-Fr Xl n Y C 

c/- 1 ((2,i)-Fr Xl H/nr 1 )nr = 

= /- 1 ((2, 1)-Fr yi /(V'(a;)) n Y = (2, l)-Fr Y Y'(x). 

On the other hand, 

(2, 1)-Fr x V(x) = ((2, 1)-Fr x U(x) n (2, 1)-Fr x /- 1 (W)) U 

U((2, 1)-Fr x C/(x) n r\W)) U ((2, 1)-Fr x f-\W) H £/(x)) 

and so (2, 1)-Fr x V(x) D Y = (2, 1)-Fr y V(a;). Therefore, it remains to 
use the inductive assumption with respect to (2, 1)-Fr y V'{x), i.e., 

(1, 2)-ind ((2, 1)-Fr x V(x) n Y, X) = (1, 2)-ind ((2, 1)-Fr y V'(x),X) < 
< (1, 2)-ind ((2, 1)-Fr y V\x)) < k - 1. 
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Hence (1, 2)-ind(F, X) < k and thus, (1, 2)-ind(F, X) < (l,2)-indF. □ 

Proposition 7.9. 7/(X,Ti <s r 2 ) is (i, j) -regular, Y G 2-V(X) and 
Z C F C X, then (i,j)-md(Z, Y) = (i,j)-ind(Z,X). 

Proof. By (3) of Theorem 7.3, it suffices to prove that 

(i,j)-md(Z,X) < (i,j)-md(Z,Y) 

by induction under n = (i, j)-ind(Z, Y). Suppose that the inequality 
is proved for n < k — 1 and prove it for n = k. Let x G Z be any 
point and U(x) G Tj be any neighborhood. Since (i, j)-ind(Z, Y) = k, 
there is V'(x) G t[ in (Y,t[,t£) such that t^cW'^x) C C/(x) n F and 
(i,j)-ind ((j, i)-Fry V'(x) D Z, F) < k — 1. Furthermore, by inductive 
hypothesis, we have 

(i,j)-ind((j,i)-Fr y y'(x)nZ,X) < 

< (i, j)-md ((j, i)-Fi Y V'(x) nZ,Y)<k-l. 

Let W{x) G n and fl F = V^x). Since V'{x) C C/(x), for 

V(x) = W(x)nU(x) G rj we have V(x) C C/(x) and V(x)nY = V'(x). 
By F G 2-£>(X), fl F = F'(V) and lemma 2.16, 

rj cl V{x) = tj cl (V(x) n F) = rj cl F'(x). 

Therefore, since Z C F, we have 

(j, i)-Fr x v(i)nz = (rj cl \ n z = 

= ((rj cl \ F(x)) n F) n Z = ((tj cl V'(x) \ V(x)) n f) n z = 
= (rj cl V'(a;) \ n Z = (j, i)-Fr Y V\x) n Z. 

Moreover, since X is -regular, one can assume that TjclF(x) C 
U(x). Hence, for each x G Z and any neighborhood C/(x) G Tj there is 
V(x) G Tj such that TjClV(x) C U(x) and 

(2,j)-ind((j,0-FrxF(x)nZ,X) = 
= (i,j)-md((j,i)-FryV'(x)nZ,X) < 

< (ij)-md ((j,i)-Fr Y V'(x) n Z, F) < k - 1. 

Therefore, (i, j)-ind(Z, X) < and thus, (i, j)-ind(Z, X) < 
(i,j)-ind(Z,F). □ 

Proposition 7.10. If (i, j)-ind(F, X) is finite, then (Y,t[,t' 2 ) is 
(i, j)-superregular in X and so, Y is (i, j)-WS-superregular in X, Y 
is (i, j) -strongly regular in X, Y is (i, j)-regular in X, Y is (i,j)-WS- 
quasi regular in X , Y is (i , j) -WS-regular in X and Y is (i, j) -regular. 
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Proof. Let x E Y, F E cor; and xEF. Then x E X \ F = U(x) En 
and since (i, j)-ind(F, X) < oo, there is V(x) E r { such that Tj cl V(x) C 
U(x). Hence 

F = X \ U(x) cX\Tj cl V{x) = Tj int (X \ V(x)) = U(F) E r j 

and U(x) fl U(F) = 0. Thus Y is (i, j)-superregular in X. 

The rest follows from implications after Definition 2.2. □ 

Corollary 7.11. Ifind(Y,X) is finite, then (Y,t') is superregular 
in X and so, Y is WS- superregular in X , Y is strongly regular in X , 

Y is regular in X , Y is WS- quasi regular in X , Y is WS -regular in X 
and Y is regular. 

Proposition 7.12. If (X, Ti,r 2 ) is p-normal, Y E cotx fl cor 2 and 
(i,j)-mdY = 0, then (i,j)-md(Y, X) = 0. 

Proof. We shall prove that for each point x E Y and any neighbor- 
hood U(x) E Ti there is V(x) E Ti such that TjC\V(x) C U(x) and 
(TjC\V(x) \ V(x)) n Y = 0. Since (i,j)-mdY = 0, for U(x) E n 
there is V E r[ n corj in {Y,t[,t'^ such that x E V C U{x) n Y. 
Since Y E cori fl cor 2 and (X, ri,r 2 ) is p-normal, for V E co Tj 
and F \ V E cor^ there are U(V) E n, U(Y \ V) E Tj such that 
U(V) n U(Y \ V) = 0. Moreover, since V C U(x), by (4) of Defini- 
tion 1.1, there is E(V) E n such that V C E(V) C Tj c\E(V) C U(x). 
Let W(V) = E(V) n C/(y). Then 

v c c Tj cl c x \ (y \ v) = (x \ y) u v. 

It is evident that cl W(V) C C/(x) and Tj cl n y = Tj cl F = V. 

Hence 

(j, i)-Pr x w^(y) n y = (r,- ci \ w{v)) dy = v\v = 0. □ 

Proposition 7.13. If (Y, t{,t£) is (i, j)-WS-superregular in X and 

Y is (i, j)-extremally disconnected in X, then (i, j)-ind(Y, X) = 0. 

Proof. Indeed, by Proposition 3.7, (i, j)-ind x X = for each point 
x EY, i.e., for any U(x) E Tj there is V(x) E TjflcoTj such that V(x) C 
U(x). Clearly, (j,i)-Fr x V(x) = implies that (j,i)-Fr x V(x)f]Y = 
and thus (i, j)-md(Y, X) = 0. □ 

Corollary 7.14. // (Y,t') is WS-superregular in X and Y is ex- 

tremally disconnected in X, then ind(y, X) = 0. 

Definition 7.15. For a BsS (Y, t[,t'^) of a BS (X, ti,t 2 ) a pair 
(x,A), where x E Y, A E cofj and xE A, is said to be a relatively 
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i-regular pair. A relative partition, corresponding to the pair (x, A), is 
a p-closed set T C X such that X \ T is not p-connected and 

(X \ T) n Y = Y \ T C H x U H 2 , x G H[ = H t nY G r/, 
A C Hj E Tj and i?i H # 2 = 0. 

Remark 7.16. Let (Y, r(, r 2 ) be a BsS of a BS (X, t x , t 2 ) and (x, A) 
be a relatively i-regular pair. Then 

(1) If there is a neighborhood U(x) G Tj (U(A) G r 3 -) such that 
Tj cl C/(x) C X \ A (n cl C/(A) C X \ {a;}), then (j, i)-Fr x V(x) 
((i,j)-Fr x U(A)) is a relative partition, corresponding to (x, A). 

(2) If T is a relative partition, corresponding to (x,A), then 

U *)-Fr x n y c t n y ((i, j)-Fr x Hj n y c r n y). 

Indeed, suppose, for example, in (1) that C/(x) G Tj and Tj clC/(x) C 
X \ A. Then 

X \ (j, i)-Pr x = (X \ Tj cl U(x)) U = U H t , 
HiETi\ {0}, H l nH 2 = 0, 
xeH[dH i = U(x), A C Hj = X \ Tj cl C/(x). 

Hence, taking into account Definition 7.15, (j, i)-Fr x U(x) is a relative 
partition, corresponding to (x, A) since 

(x \ (j, t)-Fr x u(x)) n y = y \ (j, *)-Fr x u(x) ch,u h 2 . 

(2) Since T is a relative partition, corresponding to (x,A), we have 

(X\T)f]Y = Y\T C HiUH 2 , 

where H t G r< \ {0}, H ± n H 2 = 0, x e H^ = Hi n Y and A C Hj. 
Hence 

(j,*)-Fr x ^n(y\T) = 
= fa cl n (x\^)) n (y \T) c cl ^ \^) n (h^ha = 

since H,- G r,-. Thus (j, i)-Pr x H t n y C T n y. 

Theorem 7.17. Lei (y,r{,r^) 6e a BsS 0/ a BS (X,Ti,t 2 ). T/ien 
(i, j)-ind(y, X) < n if and only if to every relatively i-regular pair 
(x, A), x G Y , A G coTj andxEA, there corresponds a relative partition 
T such that (i,j)-md(Tf]Y,X) <n-l. 

Proof. Let (i, j)-ind(y X) < n and (x,A) be any relatively i-regular 
pair. Then x G U(x) = X \ A G n. Since (i, j)-ind(y X) < n, by (2) 
of Definition 7.1, there is V(x) G Tj such that t,- c\V(x) C C/(x) and 

(i,i)-ind ((j, i)-Pr x y(x) n y X) < n - 1. 
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By (1) of Remark 7.16, (j,i)-Frx V(x) is a relative partition, corre- 
sponding to (x, A) and so, the first part is proved. 

Conversely, let us suppose that the condition is satisfied and prove 
that (i, j)-ind(Y, X) < n. If x G Y is any point and U(x) G Tj is any 
neighborhood, then the pair (x,A — X\ U(x)) is a relatively i-regular 
pair. Hence, by condition, there is a relative partition T for (x, A) 
such that (i,j)-md(T n Y,X) < n - 1. But Y \ T C H x U if 2 , where 
x <E HI C Hi, A C Hj and r,- clHiDHj = 0, so that r, clifj C X\Hj C 
X \ A = U(x). Let ifj = V(x). Then cl V(x) C C/(x) and by (2) of 
Remark 7.16, 

(j, t)-Fr x H t f]Y = (j, *)-Fr x V (x) n Y C T n Y. 

Since (i, j)-ind(T n Y, X) < n - 1 and (J, i)-Fr x V{x) n F C T n Y, by 
(3) of Theorem 7.3, 

(i, j)-ind ((j, i)-Fr x V(x) (1Y,X) <n — l 

and thus (i, j)-ind(Y, X) < n. □ 

Definition 7.18. Let (Y, r') be a TsS of a TS (X,r). Then a pair 
(x, A), where x G F, A G cor and i€ A, is said to be a relatively 
regular pair. A relative partition, corresponding to the pair (x,A), 
is a closed set T C X such that (X \ T) n F = Y \ T C //i U # 2 , 
x e H- = HiHY e r f , A C Hj e r and H 1 nH 2 = 0. 

Now, if (Y, r') is a TsS of a TS (X, r) and (x, A) is a relatively regular 
pair, then the topological version of Remark 7.14 gives: 

(1) If there is a neighborhood U(x) G r (U(A) G r) such that 
rclC/(x) C X \ A (rc\U(A) C X \ {x}), then Fr x U(x) 
(Frx^(^4)) is a relative partition, corresponding to (x,A). 

(2) If T is a relative partition, corresponding to (x,A), then 

Fr x Hi n y c t n y . 

By analogy with Theorem 7.17, we obtain the following new charac- 
terization of the small relative inductive dimension. 

Theorem 7.19. Let (Y,r') be a TsS of a TS (X,r). Then 
ind(y, X) < n in the sense of Filippov if and only if to every rela- 
tively regular pair (x, A), x G Y , A G co r and x~EA, there corresponds 
a relative partition T such that ind(T n Y, X) < n — 1. 

8. (i,j)-Large Relative Inductive Dimension Functions 

Definition 8.1. Let (Y,t[,t' 2 ) be a BsS of a BS (X,t 1 ,t 2 ) and n 
denote a nonnegative integer. We say that: 
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(1) (i, j)-Ind(yX) = -1 if and only if Y = 0. 

(2) (i, j)-Ind(F, X) < n if for any set F G cot'- and any neigh- 
borhood U(F) G Tj there is a neighborhood V(F) G Tj such 
that TjCiy(F) C 17(F) and (i,j)-ind ((j, i)-Fr x y(F)ny A") < 
n — 1. 

(3) (i,j)-Ind(F,X) = n if (i, j)-Ind(y X) <n and (i, j)-ind(y X) < 
n — 1 does not hold. 

(4) (i, j)-Ind(y, X) = oo if the inequality (i, j)-lnd(Y, X) < n does 
not hold for any n. 

As a rule 

p-Ind(yX) < n <=^> ((l,2)-Ind(y,X) < n A (2, 1)-Ind(y X) < n). 

It follows immediately from (2) of Definition 8.1 and (3) of Proposi- 
tion 2.9 that if (i, j)-Ind(y X) is finite, then Y is (j, i)-supernormal in 
X and hence, Y is p-strongly normal in X, y is (j, i)-WS-supernormal 
in X, y is p-normal in X, y is (j, i)-WS-normal in X, y is p-quasi 
normal in X, y is p-internally normal in X, y is p- normal and Y is 
p-normal in X from inside. 

Remark 8.2. By analogy with Remark 7.2 one can prove that 
Ind(y X) < n if and only if for any set F G co rj and any 
neighborhood U(F) G there is a neighborhood y(-F) G such that 
Tj cl y(F) C U(F) and (i, j)-Ind ((j, i)-Fr x V(F) nY) <n-l. 

Definition 8.3. Let {Y, t') be a TsS of a TS (X, r) and n denote a 
nonnegative integer. We say that: 

(1) Ind(y X) = -1 if and only if Y = 0. 

(2) Ind(y X) < n if for any set F G cor' and any neighbor- 
hood U(F) G r there is a neighborhood V(F) G r such that 
rciy(F) C U(F) and Ind(Fr x V(F) HY,X) <n - 1(^ for 
any set F G cor' and any neighborhood U(F) G r there is 
a neighborhood V(F) G r such that rc\V(F) C C/(F) and 
Ind(Fr x y(F) ny) < n- 1). 

(3) Indfy X) = n if Ind(y X) < n and Ind(y X) < n - 1 does not 
hold. 

(4) Ind(y X) = oo if Ind(y X) < n does not hold for any n. 

Hence, if Ind(y X) is finite, then {Y,t') is supernormal in X, Y is 
strongly normal in X, Y is WS-supernormal is X, Y is normal in X, 
y is WS-normal in X, y is quasi normal in X, Y is internally normal 
in X, y is normal and Y is normal in X from inside. 
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Proposition 8.4. // (Y,t[,tQ is a j-Ti BsS of a BS (X,t u t 2 ), 
then (i,j)-md(Y,X) < (i,j)-lnd(Y,X). 

Hence, if (Y,r') is a T x TsS of a TS (X,r), then md(Y,X) < 
Ind(F,X). 

Theorem 8.5. For a BsS (Y, r[, t£) of a BS (X, Ti, r 2 ) the following 
conditions are satisfied: 

(1) (i,j)-IndY < (i,j)-Ind(Y,X). 

(2) IfY G cotj, then {i , j) -lnd{Y, X) < {i,j)-lndX. 

(3) (i,j)-lnd(X,X) = (i,j)-lndX. 

Proof. (1) We shall use the induction under a nonnegative integer n = 
(i, j)-lnd(Y, X). Let the inequality be proved for n < k — 1 and prove 
it for n = k. Let F G co rj and [/'(F) G r/. If U(F) G r i? C/(F) n Y = 
U'(F), then (i, j)-lnd(Y, X) = k implies that there is V(F) G Tj such 
that ^ cl C U(F) and (i,i)-Ind ((j, i)-Fi x V(F) DY, X) < k - 1. 
Hence, by inductive assumption, 

(i, j)-Ind ((j, *)-Fr x n y) < k - 1. 

Let = V(F) n y. Then 

(j, t)-Fr Y V\F) = t'j cl V\F) \ V\F) = 

= (tj cl v'(F) n y) \ (v(F) n y) c ( Tj cl y(F) \ v(f)) n y = 
= (j,2)-Fr x y(F)ny 

and since (j, i)-Fr Y V (F) is j9-closed in Y, it is also p-closed in 
(j,i)-Fr x V(F) n y. Therefore, by (2) of Proposition 3.2.7 in [8], 

(i,j)-lnd((j,i)-Fr Y V'(F)) < (i, j)-Ind ((j, i)-Fr x V(F) n y) < fc - 1. 

Hence, by Corollary 3.2.9 in [8], (i,j)-Indy < k and so (i, j)-Indy < 
(i,j)-lnd(Y,X). 

(2) The induction will be used under a nonnegative integer n = 
(i, j)-Ind X. Let the inequality be proved for n < k — 1 and prove it for 
n — k. Let F G corj C cor, and U(F) G Tj. Since {i,j)-lndX = k, by 
Corollary 3.2.9 in [8] there is V(F) G n such that Tj cl V(F) C C/(F) 
and (i, j)-Ind(j,i)-Fr x y(F) < jfe - 1. Clearly, Y G cor,- C p-Cl(X) 
implies that the set (j,i)-Fr x V(F) fl Y is p-closed in X and so, by 
the second part of Remark 2.12, it is j9-closed in (j ) i)-Fi x V (F) too. 
Hence, by inductive assumption, 

(i, j)-Ind ((j, i)-Fr x V(F) n y (j, ^)-Fr x V(F)) < k - I. 

and by (1), (i, j)-Ind ((j',i)-Pr x y(F) nF) < A; - 1. Therefore, by Re- 
mark 8.2, (i, j)-Ind(y,X) < k and thus (i, j)-Ind(Y, X) < (i,j)-lndX. 
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(3) If Y = X, then (1) and (2) imply that 

(i,j)-lndX < (i,j)-lnd(X,X) < (i,j)-lndX 
and so (i, ?)-Ind(X, X) = (i, j)-Ind X. □ 

Corollary 8.6. Let (Y, t') be a TsS of a TS (X,r). Then 

(1) IndF < Ind(y,X). 

(2) IfY G cor, then Ind(yX) < IndX. 

(3) Ind(X,X) = IndX. 

Proposition 8.7. For a BsS (Y, r^r^) of a hereditarily p -normal 
BS (X,n,r 2 ) we have (i,j)-lnd(Y,X) = (i,j)-lndY. 

Proof. By (1) of Theorem 8.5, it suffices to prove only that 

(i,j)-lnd(Y,X) < (i,j)-lndY. 

First of all, recall that by the proof of the first part of Proposition 7.6, 
for any set U' G r[ there is a set U G Tj such that U C\Y — U' and 
(j,i)-Fr x UnY = (j,i)-Fr Y U> . 

Now, we shall use the induction under a nonnegative integer n = 
(i, j)-lndY . Let the inequality be proved for n < k — 1 and prove it 
for n = k. Let F G co rj and U (F) G r, be an arbitrary neighborhood. 
Since (iJ)-lndY = k, there is V'(F) G t[ such that T , j dV'{F) C 
17(F) n y and (i, j)-Ind ((j,i)-Fr Y V'(F)) < k - 1. For the set \/'(F) 
there is a set V(F) G r< such that V(F)nY = V'(F) and 

(i, 7)"Ind (0', *)-Fr x \/(F) n y) < fc - 1. 

Hence, by inductive assumption, 

(i,7)-Ind((i,i)-Fr x y(F)ny,X) < 

< (i, 7)-ind ((j,^)-Fr x y(F) n y) < fc - 1. 

Therefore, (i, ?)-Ind(y X)<k and so, (i, j)-lnd(Y, X) < (i, j)-Ind Y. □ 

Corollary 8.8. If (Y, r') a TsS o/a hereditarily normal TS (X, r) ; 
t/ien Ind(y,X) = Indy. 

Take place the following important monotonicity property of the 
(i,j)-large relative inductive dimension functions. 

Theorem 8.9. If (Z,t?,t%) C (Y,t{,t^) C (X,n,r 2 ) ; BS 
(X, ri, r 2 ) is hereditarily p-normal and Z G p -Cl(Y), then 

(i,7)-Ind(Z,X)<(i,i)-Ind(y,X). 

Proof. Since (X, ri,r 2 ) is hereditarily p-normal, by Proposition 8.7, 
(i,j)-Lnd(y,X) = (iJ)-IndY and (i, 7)"Ind(Z, X) = (i,j)-lndZ. On 
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the other hand, since Z E p-Cl(Y), by (2) of Proposition 3.2.7 in [8], 

(i,j)-lnd(Z,X) = (i,j)-lndZ < (i,j)-lndY = (i,j)-Ind(F, X). ° 

Corollary 8.10. If (Z,t") C (F, t') C (X,t) ; the TS (X, r) is 

hereditarily normal and Z E cor', t/ien Ind(Z, X) < Ind(F, X). 

Proposition 8.11. If {Y^t^) is (j,i)-WS -supernormal in (X,r 1 ,r 2 ) 
and F (i, j)-extremally disconnected in X, then (i, j)-lnd(Y, X) = 0. 

Proof. Let F G corj and U(F) E Tj. Then by (2) of Proposition 2.9, 
there is F'(F) G r/ such that T jC \V'{F) C 17(F). Since F is 
extremally disconnected in X, TjdV'(F) = V(F) E t { D cotj and 
so (j,i)-Fr x V(F) = 0. Hence (j,i)-Fr x V(F) H F = and thus 
(*,j)-Ind(F,X) = 0. □ 

Corollary 8.12. If (F, r') WS- supernormal in {X,t) and Y is 
extremally disconnected in X, then Ind(F, X) = 0. 

Definition 8.13. A BsS (Y,t[,t^ of a BS (X,ti,t 2 ) is said to be 
hereditarily (i, j)-WS-supernormal in X if every set Z E p-Cl{Y) is 
(i, ?)- WS-supernormal in X. 

It is evident that every hereditarily p -WS-supernormal BsS F of 
X is p -WS-supernormal in X and, moreover, by the second part of 
Remark 2.12, every p-closed subset of a hereditarily p -WS-supernormal 
BsS F of X is also hereditarily p -WS-supernormal in X. 

Theorem 8.14. If(Z,r?,T%) C (F,r{,r^) C (A",ti,t 2 ), w/iere F 
hereditarily -WS-supernormal in X and Z E p-CZ(F), £/ien 

(i,j)-Ind(Z,F) < (i,j)-Ind(Z,X) < (i, j)-Ind(F, X). 

Proof. First, let us prove the right inequality, i.e., the monotonicity 
property of the (i, j)-large relative inductive dimensions, by induction 
under a nonnegative integer n = (i, j)-Ind(F, X). Let this inequality 
be proved for n < k — 1 and prove it for n = k. If F E c 07 "/ an d 
U (F) E Tj are any sets, then Fn$ = 0, where $ = X\U (F) E co Tj. 
Since Z E p-Cl(Y), by condition Z is (j, i)-WS-supernormal in X and 
so, there are V(F) E rf, F($) G such that r,- cl V(F) n V($) = 0. 
Hence t, cl F n Y = rj cl F C U(F) as 

rj cl F C Tj cl F(F) C X \ F($) C X \ $ = U(F). 

Since (7, ?)-Ind(F, X) = fc, there is LF(rjclF) = W(F) E n such that 
Tj cl W(F) C 17(F) and 

(i, j)-Ind ((j,*)-Fr x LF(F) n F,X) < fc - 1. 
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Clearly, we have 

(j,i)-Fr x W(F) nZe p-Cl{(j,i)-Fr x W(F) n F), 

where by remark before Theorem 8.14, (j, i)-Frx W(F) fl F G p-Cl(Y) 
implies that (j, i)-Frx W(F) fl F is also hereditarily (j, i)-WS-super- 
normal in X. Therefore, by inductive hypothesis, 

(i,j)-lnd((j,i)-Fr x W(F)nZ,X) < 

< (i, j)-Ind ((j, i)-Fr x W(F) DY,X)<k-l 

and hence, (i, j)-Ind(Z, X) < fc. Thus (i, j)-Ind(Z, X) < (i, j)-Ind(F, X). 

Now, we also use the induction under a nonnegative integer n = 
(i, j)-lnd(Z, X). Let the left inequality be proved for n < k — 1 and 
prove it for n = k. Let F G cor/' and U'(F) G r/ be any sets. Since 
(i,j)-Ind(Z,X) = fc, for F and [/(F) G r<, where U(F) n F = [/'(F), 
there is V(F) G r< such that r,- clV(F) C U(F) and 

(i, j>Ind ((j,i)-Frx V(F) C\Z,X) <k-l. 

Let V'{F) = V(F) n F. Then rjclF'(F) C U'{F) and since 

(j, t)-Fr Y V'(F) C (j, *)-Fr x V(F) n F, Z C F, 

we have 

(j, *)-Fr y F'(F) HK (j, *)-Fr x V(F) n Z. 

Since by the second part of Remark 2.12, 

(j,i)-Fr* F(F) n Z G p-CZ(Z) C p-C/(F), 

the BsS (j,i)-Fr x V(F) fl Z is hereditarily p -WS-supernormal in X. 
Moreover, 

(j, i)-Fr Y V'(F) n Z G p-Cl((j, i)-Fr x V(F) n Z) 
and by the right inequality, 

(i,j)-lnd((j,i)-Fr Y V'(F)nZ,X) < 

< (i,j)-lnd((j,i)-Fr x V(F)nZ,X)<k-l. 
Hence, by inductive assumption, 

(i, i)-Ind ((j, i)-Fr Y V'(F) n Z, F) < 

< (i,j)-lnd((j,i)-Fr Y V'(F)nZ,X)<k-l 

and so, (i,j)-Ind(Z,Y)<k. Thus, (i, j)-Ind(Z, F) < (i, j)-Ind(Z, X). □ 

It is clear, that for the topological case every WS-supernormal TsS 
(F, r') of a TS (X, r) is hereditarily WS-supernormal in X so that a 
TsS (F, r') is WS-supernormal in X if and only if (F, r') is hereditarily 
WS-supernormal in X. Hence, take place 



ON THE THEORY OF RELATIVE BITOPOLOGICAL AND ... 77 

Corollary 8.15. If (Z,r") C (Y, t') C (X,t), where Y is WS- 
supernormal in X and Z e cor', then Ind(Z, Y) < Ind(Z, X) < 
Ind(F,X). 

Theorem 8.16. If (Z,t? < t%) C (Y,t[ < t£ C (X, n < r 2 ) and 

(l,2)-Ind(Z,y) < (l,2)-Ind(Z,X) < (1, 2)-Ind(F, X). 

Proof. First, let us prove the right inequality by induction under a 
nonnegative integer n = (1, 2)-Ind(Y, X). Let the inequality be proved 
for n < k — 1 and prove it for n = k. Let F e cor^' and £/(F) e Ti. 
Then FecoTj and since (1, 2)-Ind(F, X) = k, there is V(F) e n such 
that t 2 c\V(F) C U{F) and 

(1, 2)-Ind ((2, 1)-Fr x V(F) f)Y,X) < k — 1. 

Clearly, 

(2, 1)-Fr x V(F) HK(2, 1)-Fr x V(F) n F, 

and (2, 1)-Fr x y(F)nZeco rf in the BsS ((2, 1)-Fr x \/(F)nF, rf <rf ). 
Hence, by inductive assumption, 

(l,2)-Ind((2,l)-Fr x y(F)nZ,X) < 

< (1, 2)-Ind ((2, 1)-Fr x V(F) n Y, X) < A; - 1. 

Thus, (l,2)-Ind(Z,X) < k and so (1, 2)-Ind(Z, X) < (1, 2)-Ind(Y, X). 

Now, let us prove the left inequality by induction under a nonnegative 
integer n — (1, 2)-Ind(Z, X) . Let the inequality be proved for n < k — 1 
and prove it for n = k. Let F e coTj and U'(F) G r{ be any sets. 
Since F C Z C F and (1, 2)-Ind(Z, X) = fc, for [/(F) e n, where 
U(F) n y = C/'(F), there is V(F) e n such that r 2 ciy(F) C 17(F) 
and 

(1, 2)-Ind ((2, 1)-Fr x V(F) n Z, X) < k - 1. 
Let V(F) = y(F) n y. Then t^cIV^F) c f/'(F). Since 

(2, 1)-Fr y V\F) C (2, 1)-Fr x V(F) n y 
and Z C y, we have 

(2, 1)-Fr y y'(F) n Z C (2, 1)-Fr x V(F) n Z. 

Since (2, 1)-Fr y V'(F) n Z is 2-closed in (2, 1)-Fr x V(F) n Z, by the 
right inequality we have: 

(1, 2)-Ind ((2, 1)-Fr y V'{F) f]Z,X)< 

< (1, 2)-Ind ((2, 1)-Fr x V(F) f] Z,X) < k - 1. 
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Therefore, by inductive hypothesis, 

(1, 2)-Ind ((2, 1)-Fr y V\F) n Z, Y) < 
< (1, 2)-Ind ((2, 1)-Fr y V'(F) n Z, X) < k - 1. 

Thus(l,2)-Ind(Z,Y) < and so (1, 2)-Ind(Z, Y) < (1, 2)-Ind(Z, X). □ 

Definition 8.17. Let (Y,t[,t^) be a BsS of a BS (X,t 1 ,t 2 ). Then 
a pair (A, B), where A G co rj, 5 G co and A fl 5 = 0, is said to be 
a relatively p-normal pair. A relative partition, corresponding to the 
pair (A, B), is a p-closed set T C X such that X \T is not p-connected, 
(X\T)ny = y\ Tc ffiU H 2 , A C H- = Hi HY E t/, BcFje Tj 
and H 1 f]H 2 = 0. 

Remark 8.18. Let (Y, rf, r£) be a BsS of a BS (X, n, r 2 ) and (A, £) 
be a relatively p-normal pair. Then 

(1) If there is a neighborhood U(A) G 7* (U(B) £ Tj) such that 
rj cl C/(A) C X \ 5 (ri cl U{B) C X\A), then (j, i)-Fr x U(A) 
((i,j)-Frx U(B)) is a relative partition, corresponding to (A, B). 

(2) If T is a relative partition, corresponding to (A, B), then 
(j,i)-Fr x HinY CTHY ((i, j)-Fr x Hj HY C T HY). ' 

The proof is similar to the proof of Remark 7.16. 

Theorem 8.19. If (Y,t[,t 2 ) is a BsS of a hereditarily p-normal 
BS (X, Ti,r 2 ) ; then (i, j)-Ind(Y, X) < n if and only if to any relatively 
p-normal pair (A,B), A G corj, B G cor^ and An B = 0, there 
corresponds a relative partition T such that (i, j)-Ind(TflY, X) < n — \. 

Proof. Let, first, (i, j)-Ind(Y, X) < n and (A, B) be any relatively 
p-normal pair. Then AcU (A) —X\B G Tj and since (i, j)-Ind(Y, X) <n, 
by (2) of Definition 8.1, there is V(A) G Tj such that 

Tj cl V{A) C U(A) and (i, j)-Ind ((j, i)-Pr x n Y, X) < n - 1. 

But, by (1) of Remark 8.18, (j,i)-Fr x V(A) is a relative partition, cor- 
responding to (A, B), and thus, the first part is proved. 

Conversely, let us suppose that the condition is satisfied, A G co 7"j be 
any set and U (A) G Tj be any neighborhood. Then (A, B = X\U (A)) is 
a relatively p-normal pair and by condition, there is a relative partition 
T, corresponding to (A,B), such that (i, j)-Ind(TflY, X) < n— 1. Since 
by Definition 8.17, Y \ T C H 1 U H 2 , where A C ^ 6 r„ 5 C if,- G r,- 
and i?i fl H 2 = 0, we have Tj cl if j fl Hj = and so 

r j c\H i cX\H j cX\B = U(A). 
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If Hi = V(A) G n, then Tj c\V(A) C U(A). Moreover, by (2) of 
Remark 8.18, (j, i)-Fr x V(A) n Y C T n Y and since (j, i)-Fr x Y(A) G 
p-Cl(X), we have (j,i)-Fr x V(A) H Y G p-Cl(Y). By the second part 
of Remark 2.12, (j, i)-Fr x V(A) n Y C T n Y implies 

(j,i)-Fr x v(A) n y g p-c/(T n y) 

and by Theorem 8.9, 

(i, j)-ind ((j, 2)-Fr x y (A) n y x) < (i, j)-ind(r n y x) < n - 1 

so that (i, j)-Ind(Y,X) < n. □ 

Definition 8.20. Let {Y,r') be a TsS of a TS (X,r). Then a pair 
(A,B), where A G cor', B G cor and A n -B = 0, is said to be a 
relatively normal pair. A relative partition, corresponding to (A, B), is 
a set T G co r such that X \ T is not connected, (X\T)C\Y = Y\T C 
i?i U i? 2 , A C H[ = H 1 HY e t', B C H 2 E r and H 1 nH 2 = 0. 

Remark 8.21. Let (Y, r') be a TsS of a TS (X, r) and (A, B) be a 
relatively normal pair. Then 

(1) If there is a neighborhood U(A) G r (U(B) G r) such that 
rclC/(A)cX\ J B (Tcltf(5)cXV4),thenFr x [/(A) (Fr x U(B)) 
is a relative partition, corresponding to (A, B). 

(2) If T is a partition, corresponding to (A, B), then Fr Hi n Y C 
THY. 

Proposition 8.22. // (Y, r') a TsS o/ a TS (X,r) ; w/iere X is 
hereditarily normal, then Ind(Y, X) < n if and only if to every relatively 
normal pair (A, B) there corresponds a relative partition T such that 
Ind(Tn Y,X) < n- 1. 

Proposition 8.23. // {Y,t[ < t' 2 ) is a BsS of a BS (X,ri < r 2 ), 
i/ien (1, 2)-Ind(Y, X) < n if and only if to every relatively p-normal 
pair (A, B), A G cor^, Be cot\ and A fl B = , there corresponds a 
relative partition T such that (1, 2)-Ind(T fl Y, X) < n — 1. 

Proof. The proof of the first part is given by the proof of the first part 
of Theorem 8.19 for % = 1, j = 2. 

Conversely, if the condition is satisfied, then by analogy with the 
proof of the second part of Theorem 8.19, for A G co t' 2 and U(A) G T\ 
there is V(A) G n such that r 2 clY(A) C U(A) and (2, 1)-Fr x V(A) n 

Y C THY. Since (2, 1)-Fr x V(A)(lY G cor^, we have (2, 1)-Fr x V(A)n 

Y G corf in (T n Y, rf , r^'). Hence, by Proposition 8.16, 

(1, 2)-Ind ((2, 1)-Fr x V{A) n Y, X) < (1, 2)-Ind(T fl Y, X) < n — 1 
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and thus (1, 2)-Ind(Y, X) <n. □ 

Theorem 8.24. If (Y,t{,t£) is a hereditarily (j,i)-WS-supernormal 
BsS of a BS (X, ri,r 2 ) 7 then (i, j)-lnd(Y, X) < n if and only if to any 
relatively p-normal pair (A,B), A G cot'-, B G corj and A n B = 0, 
there corresponds a relative partition T C X such that (i, j)-Ind(T fl 
Y,X)<n-l. 

Proof. The proof of the first part is similar to the proof of the first part 
of Theorem 8.19. 

For the proof of the second part, let us recall that by the proof of 
the second part of Theorem 8.19, for A G corj and U(A) G 7$ there is 
V(A) G n such that Tj cl V(A) C U(A) and (j, i)-Pr x V{A)CY C TnF. 

Clearly, (j, i)-Frx V(A) fl F G p-Cl{Y) and by the second part of 
Remark 2.12, 

(j, i)-Fr x v(A) n y g P -c/(T n r). 

Hence, by Definition 8.13, (j,i)-Fr x V(A)C]Y is (j, ?)-WS-supernormal 
in X and Theorem 8.14 gives 

(i, j)-Ind ((j,*)-Fr x n F,X) < (i,j)-Ind(T n F,X) < n - 1. 

Thus (i,j)-Ind(Y,X) < n. □ 

Corollary 8.25. If(Y,r') is a ^-supernormal TsS o/aTS (X,r), 
then Ind(F, X) <n if and only if to any relatively normal pair (A, B) 
there corresponds a relative partition T C X such that Ind(TflF, X) < 
n- 1. 

Proof. It suffices to recall that by the remark before Corollary 8.15, 
every WS-supernormal TsS (Y, r') of a TS (X, r) is hereditarily WS- 
supernormal in X. □ 

At the end of the section let us recall once more that Theorem 8.19 
says that for an arbitrary BsS (Y, r[, t!^) of a hereditarily p-normal BS 
(X, 7i, r 2 ) its relative inductive dimension functions (i, j)-Ind(Y, X) can 
be characterized in two equivalent ways: as by neighborhoods so by 
partitions. The similar result is given by Theorem 8.24 but for heredi- 
tarily (j, i)-WS-supernormal BsS (Y, t[, t' 2 ) in a BS (X, t±, r 2 ). In both 
cases the characterizations are conditioned by the monotonicity prop- 
erty of the relative inductive dimension functions (i, j)-lnd(Y, X). i.e., 
by the inequality (i, j)-Ind(Z, X) < (i, j)-lnd(Y, X) for Z G p-Cl(Y) 
(Theorems 8.9 and 8.14). 

Moreover, for the topological case the requirement of hereditary WS- 
supernormality of a TsS (Y, r') in a TS (X, r) can be weakened to the 
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requirement of WS-supernormality of Y in X (Corollaries 8.15 and 
8.25). 

9. (i, j)-Small Separate Inductive Dimension Functions and 
(«, j)-Small Separate Relative Inductive Dimension Functions 

Definition 9.1. Let (X, Ti, t 2 ) be a BS and n denote a nonnegative 
integer. Then 

(1) (i, j)-sindX = -1 if and only if X = 0. 

(2) sindX < n if for each point x G X and any neighbor- 
hood U(x) G Tj there is a neighborhood V(x) G Tj such that 
TjC\V(x) C U(x) and («, j)- sind(j-Frx < n — 1. 

(3) («, j)-sindX = n if (i, j)-sindX < n and («, j)-sindX < n — 1 
does not hold. 

(4) (?, j)-sindX = oo if (i, j)-sindX < n does not hold for any n. 
As usual 

p-sindX < n ((l,2)-sindX < n A (2, 1)- sindX < n). 

It follows immediately from Proposition 2.33 that if (i, j)-sindX is 
finite, then (X, Ti,t 2 ) is (i,j) -separately regular. 

Proposition 9.2. If(Y, t[, t' 2 ) is an arbitrary BsS of a BS (X, Ti, r 2 ), 
t/ien (i,j)-sindF < (2, j)-sindX. 

Proof. We shall use the induction under a nonnegative integer n = 
(i,j)-smdX. Let the inequality be proved for n < k — 1 and prove it 
for n = k. If x G Y and C/'(x) G r/, then there is U(x) G r« such that 
[/(i) fl 7 = U'{x). Since (i, j)-sindX = k, there is V(x) G r,- such 
that rjClV"(a;) C U(x) and (i, j)- sind(j-Frx V(x)) < k — 1. Now, for 

= ny, 

r j d y'(x) = T,- ci V(x) n y c c/(x) n y = c/'(x) 

and j-Fry V'(x) C j-Frx V"(x). Then, by inductive assumption, 
(i,j)-smd(j-Fr Y V'(x)) < (i,j)-smd(j-Fr x V(x)) < k - 1, 
and hence, (i,j)-sindy < k so that («, j)-sindy < (?, j)-sindX. □ 
Theorem 9.3. The following inequalities hold for a BS (X, r x < r 2 ): 
(l,2)-sindX < i-indX < (2,l)-sindX, 
(l,2)-indX < (2,1) -sindX and (1, 2)-sindX < (2, l)-indX. 

Proof. For i — 1 first let us prove the right upper inequality by induc- 
tion under a nonnegative integer n = (2, l)-sindX. Let the inequality 
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be proved for n < k — 1 and prove it for n — k. If x G X is any 
point and U(x) G T\ is any neighborhood, then U(x) G r 2 and since 
(2, l)-sindX = k, there is V(x) G T\ such that 

ri cl V(ar) C C/(x) and (2, 1)- sind (l-Fr x V(x)) < k - 1. 

Hence, by inductive hypothesis, l-ind(l-Frx V(x)) < — 1 and so 
1-indX < fc. Thus 1-indX < (2, l)-sindX. 

Let the left upper inequality be proved for a nonnegative integer 
n < k — 1, where n = 1-indX, and prove it for n = k. If x G X is any 
point and U(x) G T\ is any neighborhood, then by k = 1-indX there 
is V(x) G ri such that ri cl V(x) C U(x) and l-ind(l-Frx ^(^O) < k — 1. 
Now, by monotonicity of the small inductive dimension 
l-ind(2-Fr x V(x)) < k - 1 as 2-Fr x V(x) C 1-Fr x V(x). Hence, by in- 
ductive assumption (1, 2)- sind(2-Frx V(x)) < fc — 1. Clearly, V(x) G r 2 
and r 2 ciy(x) C C/(x) so that (1,2)- sind X < k. Thus (1,2)- sind X < 

1- sind X. 

For i = 2 first let us prove the left upper inequality by induction 
under a nonnegative integer n = 2-indX. Let the inequality be proved 
for n < k — 1 and prove it for n = k. Let x G X be any point and 
£/(a;) G 7i be any neighborhood. Since U(x) G n C r 2 and 2-indX = k, 
there is V(x) G r 2 such that r 2 cl V(x) C C/(x) and 2-ind(2-Fr x V(x)) < 
k — 1. Then, by inductive assumption, (1, 2)- sind(2-Frx V(x)) < k — 1 
and so (1,2)- sind X < k. Hence (1,2)- sind X < 2-indX. 

Now, let (2, l)-sindX = n and the right upper inequality be proved 
for n < k — 1. Let us prove this inequality for n = k. If x G X is 
any point and U(x) G r 2 is any neighborhood, then (2, l)-sindX = k 
implies that there is V(x) G t x C t 2 such that 

ri cl V(x) C C/(x) and (2, 1)- sind (l-Fr x V{x)) < k - 1. 

Hence, by inductive hypothesis, 2-ind(l-Frx V(x)) < k — 1. On the 
other hand, r 2 clV^rr) C f/(x) and so 2-Frx V(x) C 1-Frx V"(a;). Now, 
by monotonicity, 2-ind(2-Frx V(x)) < k — 1. Thus 2-indX < and so 

2- indX < (2,1)- sind X. 

Now, let us consider the lower inequalities. Let (2, l)-sindX = n 
and let us prove that (l,2)-indX < (2, l)-sindX. Let the inequal- 
ity be proved for n < k — 1 and prove it for n = k. If x G X 
is any point and U(x) G T\ is any neighborhood, then U(x) G r 2 
and by (2, l)-sindX = k there is V(x) G T\ such that tic\V(x) C 
C/(x) and (2, l)-sind(l-Frx < fc — 1. Hence, by inductive as- 

sumption, (1, 2)-ind(l-Frx V(x)) < k — 1. Evidently, r 2 cll / (a;) C 
C/(x), (2, 1)-Fr x V(x) C 1-Frx V"(x) and by monotonicity of the small 



ON THE THEORY OF RELATIVE BITOPOLOGICAL AND 



83 



bitopological dimension, (1, 2)-ind ((2, 1)-Fr x V(x)') < k — 1. Thus, 
(l,2)-indX < k and so (l,2)-indX < (2, l)-sindX. 

Finally, let us prove the inequality (l,2)-sindX < (2, l)-indX by 
induction under n = (2, l)-indX. Let the inequality be proved for 
n < k — 1 and prove it for n = k. If x G X is any point and U (x) G t\ 
is any neighborhood, then U(x) G r 2 and by (2, l)-indX = k there is 
V(x) G r 2 such that 

ri cl V(x) C U(x) and (2, l)-ind ((1, 2)-Fr x V(x)) <k — l. 

Hence, by inductive assumption, (1, 2)- sind((l, 2)-Frx V(x)) < k—1. 
Clearly, r 2 cl V(x) C U(x), 2-Fr x V(x) C (1, 2)-Fr x V(x) and by Propo- 
sition 9.2, (l,2)-sind(2-Fr x y(x)) < k - 1. Hence, (l,2)-sindX < /c 
and so (l,2)-sindX < (2,l)-indX. □ 

Corollary 9.4. For a BS (X, ri,r 2 ) we /iawe: 

(1) 7/ri <c r 2; i/ien (l,2)-sindX < (l,2)-indX < (2, l)-sindX. 

(2) Ifn< N t 2 , then (l,2)-sindX < (i,j)-mdX < (2, l)-sindX. 

Proof. Follows directly from Theorem 9.3 taking into account (5) and 
(6) of Theorem 3.1.36 in [8]. □ 

Proposition 9.5. If a BS (X, Ti,r 2 ) is (i, j) -separately regular and 
j-extremally disconnected, then (i,j)-sindX = 0. 

Proof. Let x G X be any point and U(x) G Tj be any neighborhood. 
Then, by proposition 2.33, there is a neighborhood V(x) G Tj such 
that TjdV(x) C C/(x). Since X is j-extremally disconnected, the set 
W(x) = Tj c\V(x) G Tj fl cor,' and hence, j-Fr x W{x) = 0. Thus, by 
(2) of Definition 9.1, (i, j)-sindX = 0. □ 

Definition 9.6. Let (x, A) be an i-regular pair in a BS (X, ti,t 2 ), 
that is, a; G X, A G cofj and xG A. Then we say that a j-closed set 
T C X is a separate partition, corresponding to the pair (x, A), if X\T 
is not j-connected so that X \ T = Hi U H 2 , where Hi, H 2 G Tj \ {0}, 
x e Hi, Ad H 2 and Hi(~)H 2 = 0. 

Remark 9.7. One can easily to verify that in a BS (X,ti,t 2 ) the 
following conditions are satisfied for an i-regular pair (x, A): 

(1) If there exists a j-open neighborhood U(x) (j-open neighbor- 
hood U( A)) such that TjdU(x) c X\A (TjdU(A) c 

then the set j-Frx £/(x) (j-Frx U (A)) is a separate partition, 
corresponding to (x, A). 

(2) If T is a separate partition, corresponding to (x, A), then 

./-1V.Y //; C V. 
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Indeed, (1) X \ j-Fr x U(x) = (X \ TjC\U(x)) U U(x), where x G 
U(x) = Hi G Tj, A C X \ Tj c\U(x) = H 2 G Tj and H x n H 2 = 0. 
Similarly for U(A). 

(2) Since (X \ T, t[,t' 2 ) is not j-connected, we have Hi G rj fl corj 
and hence 

j-Fr x ^n(X\T) = 

= (r,cii/ l n(x\T))n((x\iJ l )n(x\T)) = 

= t'j cl iJi n Hj = Hid Hj = 

so that j-Fr x H { C T. 

Proposition 9.8. Lei (X, t±, r 2 ) fre a BS andn denote a nonnegative 
integer. Then (i, j)-sindX < n if and only if to every i-regular pair 
(x, A) there corresponds a separate partition T such that (i, j)- sind T < 
n — 1. 

Proof. First, let (i,j)-sindX < n and (x, A) be an i-regular pair. 
Then U(x) — X \ A G Tj is an i-open neighborhood of x and since 
(i, j)-sindX < n, there is a j-open neighborhood V(x) such that 

TjCiy(:r) C U(x) and (?,j)- sind (j-Frx V(x) <n — l. 

It follows from (1) of Remark 9.7 that j-Frx V(x) is a separate parti- 
tion, corresponding to (x, A). 

Conversely, let the condition be satisfied, x G X and U (x) G Tj. Then 
for an i-regular pair (x, A — X \ U(x)) there is a separate partition T 
such that X \ T = H ± U H 2 , H u H 2 G 7} \ {0}, x e H u A C H 2 , 
Hi C\ H 2 = and (i, j)-sindT < n — 1. It is evident that TjdHi fl 
H 2 = so that T j c\H 1 C X \ A = C/(x). Let #1 = V(a;). Then 

cl V(a;) C C/ (re) and by (2) Remark 9.7 together with Proposition 9.2, 
(i, j)-sind(j-Frx V(a;)) < n - 1. □ 

Definition 9.9. Let (Y,t[,t' 2 ) be a BsS of a BS (X, Ti,r 2 ) and n 
denote a nonnegative integer. Then 

(1) (i, j)-sind(Y,X) = -1 if and only if X = 0. 

(2) (i, j)- sind(Y, X) < n if for each point x &Y and any neigh- 
borhood U(x) G ^ there is a neighborhood G Tj such 
that rjClV(a;) C U(x) and (i, j)-sind(j-Frx V(x) nY,X) < 
n — l{^=f- for each point x EY and any neighborhood U (x) G Tj 
there is a neighborhood G Tj such that TjclV^rr) C U(x) 
and (2, j)- sind(j-Frx V(x) C\Y) < n — 1). 

(3) (i,j)-sind(Y,X) = n if (i, j)-sind(F,X) < n and 
(i, j)- sind(Y, X) < n — 1 does not hold. 
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(4) (i, j)-sind(Y, X) = oo if (i, j)-sind(Y, X) < n does not hold for 
any n. 

As usual, 

p - sind(F, X)<n ((1, 2)- sind(Y, X) < n A (2, 1)- sind(F, X) < n) . 

It follows immediately from (2) of Definition 9.9 and (3) of Propo- 
sition 2.36 that if (i, j)-sind(Y, X) is finite, then Y is (i, j)-separately 
superregular in X. Hence, by implications after Definition 2.35, Y is 
(i, j)-strongly separately regular in X, Y is (i, j)-WS-separately su- 
perregular in X, Y is (i, j)-separately regular in X, Y is (i,j)-WS- 
separately regular in X and Y is (i, j)-WS-quasi separately regular 
inX. 

Theorem 9.10. If (Y,t[,t^) is a BsS of a BS (X,t 1 ,t 2 ), then the 
following conditions are satisfied: 

(1) (i,j)-smdY < (i,j)-smd(Y,X) < (i,j)-smdX. 

(2) (i,j)-smd(X,X) = (i,j)-smdX 

(3) If(Z,T?,TZ)C(Y,T[,T>), then 

(i,j)-smd(Z,Y) < (i,j)-smd(Z,X) < (i,j)-smd(Y,X). 

Proof. (1) First, let us prove the left inequality by induction under a 
nonnegative integer n = (i, j)- sind(Y, X). Let the inequality be proved 
for n < k — 1 and prove it for n = k. Let x G Y be any point and 
U'(x) G t[ be any neighborhood. If U(x) G Tj, U(x) C\Y — U'(x), then 
(i,j)-sind(Y,X) = k implies that there is V(x) G Tj such that 

Tj cl V(x) C U(x) and sind (j-Fr x V(x) fl Y, X) < fc - 1. 

Therefore, by inductive assumption, (i, j)- sind(j-Frx V(x)PY) < k—1. 
Moreover, TjC\V'(x) C U'(x), where V'(x) = V(x) C\Y and since 
j-Fry V'(x) C j-Fr x V(x) fl F, by Proposition 9.2, 

{i, j)-sind(j-Fr y ^'(x)) < k - 1. 

Hence (i,j)-sindF < and so (i,j)-sindF < (i, j)-sind(F, X). 

Now, let us prove the right inequality by induction under a nonnega- 
tive integer n = (i, j)- sind X. Let the inequality be proved for n < k — 1 
and prove it for n = k. Let x G Y be any point and C/ (x) G Tj be any 
neighborhood. Since (i,j)-sindX = k, there is V(x) G Tj such that 
TjC\V{x) C C/(x) and (i, j)- sind (j-Frx V(x)) < k — 1. Hence, by 
inductive assumption, sind (j-Fr^ V(x) fl Y, j-Frx < k — 1 

and by the left inequality, sind (j-Frx V(^) H7) <fc-l. Hence, 

by condition (2) in brackets of Definition 9.9, (i, j)-sind(F, X) < k and 
so (i, j)-sind(F, X) < (i,j)-sindX. 
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(2) Follows from (1) for Y — X. 

(3) First, let us prove the right inequality, i.e., the monotonicity 
property of (*, jf)- sind(F, X) by induction under a nonnegative in- 
teger n = (i, j)-sind(F, X). Let the inequality be proved for n < k — 1 
and prove it for n = k. Let x G Z be any point and U(x) G be 
any neighborhood. Since x G Z C Y and (i, j)-sind(F, X) — k there is 
V(x) G Tj such that 

Tj c\V{x) C C/(x) and (i, j)-sind (j-Fr x V(ar) H F,X) < jfc - 1. 

But Z C F, j-Frx V(x) n Z C j-Fr^ V"(x) nV and by inductive as- 
sumption 

(i,j)-sind (j-Fr x V{x)nZ,X) < 

< sind (j-Fix V(x) f)Y,X) < k - 1. 

Thus (i, j)-sind(Z, X) < and so (i,j)-sind(Z,X) < (2, j)-sind(F, X). 

Finally, let us prove the left inequality by induction under a non- 
negative integer n = (i, j)-smd(Z, X). Let the inequality be proved 
for n < k — 1 and prove it for n = k. Let x G Z be any point 
and U'(x) G t[ be any neighborhood. Since (i,j)-sind(Z,X) = k, for 
U(x) G Tj, C/(x) n Y = C/'(z), there is V^z) G r,- such that 

Tj c\V(x) C C/(x) and (i, j)-sind (j-Fr x nZ,X) < fc - 1. 

If v^ar) = F(x) n F, then rjciy'^) C t/'(x). For j-Fr Y V'(x) C 
j-Fr x F(x) n F and Z C F, we have 

j-Fry F'(x) n Z C j-Fr x F(x) n Z. 

Hence, by the right inequality, 

(i, j> sind (j-Fry F'(x) nZ,l)< 

< (i, j)-sind (j-Fr x V(x) C\ Z,X) < k - 1. 

Therefore, by inductive assumption, 

(i,j)-smd (j-Fr Y V'(x) n Z, Y) < 

< (i, j)-sind (j-Fry F'(x) r\Z,X) <k — I. 

Thus sind(Z, F) < /c and so sind(Z, F) < sind(Z, X). □ 

Theorem 9.11. For an i-open BsS (F, t[, t' 2 ) of a BS (X, Ti, t 2 ) £/ie 
following conditions are satisfied: 

(1) Ifj-dZc Y, then (i,j)-sind(Z,X) = (i,j)-smd(Z, Y). 

(2) (2,j)-sind(F,X) = (^,j)-sindF. 
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Proof. (1) By (3) of Theorem 9.10 it suffices to prove only that 
(i, j)-sind(Z, X) < (i, j)-sind(Z, Y). Let us prove the inequality by 
induction under a nonnegative integer n = (i,j)-sind(Z,Y). Let the 
inequality be proved for n < k — 1 and prove it for n = k. Let x G Z be 
any point and U(x) G 7$ be any neighborhood. Since Y G Tj, one can 
assume that U(x) CY and (i, j)-sind(Z, Y) = n implies that there is 
V(x) G Tj such that 

TjC\V(x) C C/(x) and (i, j)-sind (j-Fr Y V(x) HZ,Y) < k - 1. 

Clearly, j-Fry V(x) = j-Fr x V( x ) and since 

j-cl (j-Fry ^(x) n Z) C j-cl ZCF, 

one can use the inductive assumption under the set j-Fry V(x) fl Z. 
Hence 

(i,j)-sind (j-Fr x T/(x)nZ,X) < 
< (i, j)-sind (j-Fry C\Z,Y) < k — 1 

and so (i, j)- sind(Z, X) < /c. Thus (i, j)-sind(Z, X) < (i, j)-sind(Z, Y). 
(2) By (1) of Theorem 9.10, it suffices to prove only that 

(i, j)- sind(Y, X) < sindY. 

We shall use the induction under a nonnegative integer sindY = 
n. Let the inequality be proved for n < k — 1 and prove it for n = k. 
If x G Y is any point and U(x) G Tj is any neighborhood, then one 
can assume that U(x) C Y. Since sindY = k and j-Fry V(x) = 

j-Fix V(x) C Y, where V(x) G Tj and Tj c\V(x) C U(x), we have 

(i, j)-sind (j-Fry = (i, j)-sind (j-Fr x < fc - 1. 

By (2) of Theorem 9.10, sindY = (i, j)-sind(Y, Y) = k and 

therefore, by (2) of Definition 9.9, we have (i, j)-sind(j-Fry V(x) fl 
Y,Y) = (i,j)-sind(j-Fr Y V(x),Y) < k - 1. But j-cl (j-Fr x V(x)) = 
j-Fi x V(x) C Y and if we consider in (1) the set j-Fr^ V(x) instead of 
Z, we obtain 

(i, j)-sind (j-Fr x n F,X) = (i, j)-sind (j-Fr y V(x),X) = 

= (i, j)-sind (j-Fry y(x),y) < A; - 1. 

Hence, (i, j)- sind(F, X) < A; and so (i, j)- sind(Y, X) < sindY. □ 

Proposition 9.12. For a BsS (Y, t[,t!^) of a BS (X, ri,r 2 ) ^/ie e^it- 
a/iiy (j, j)-sind(Y, X) = (i,j)-sindF /ioWs if anyone of the following 
two conditions is satisfied: 

(1) (X, Ti,r 2 ) is hereditarily j -normal. 
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(2) (X, ri,r 2 ) is j -normal, (Y, t[,t£) is j -perfectly normal BsS of X 
and Y G co . 

Proof. (1) Since (X, ri, r 2 ) is hereditarily j-normal, by the proof of the 
first part of Proposition 1 in [19], if U' G rj, then there is U G Tj such 
that C/ n Y = U' and j-Fr x U C\Y — j-Fr Y U'. 

Now, following (1) of Theorem 9.10 it suffices to prove only that 
(i, j)-sind(F, X) < (i, j)-sindF be induction under a nonnegative in- 
teger n = (i, j)-sindF. Let the inequality be proved for n < k — 1 and 
prove it for n = k. Since (i, j)-sindF = k, there is V'(x) G rj such 
that rjciy'(x) C U(i)ny and (i, j)-sind (j'-Pry V(a;)) < k-1, where 
rr G F is any point and U(x) G Tj is any neighborhood. If V(x) G r,-, 
V(i)nF = V'(x) and j-Fr x V(i)nF = j-Fr y V'(x), then 

(i, j)-sind (j-Frx V(x) HY) < k - 1. 

Hence, by inductive hypothesis, 

(i, j)-sind (j-Frx F(x) n F,X) < (i, j)-sind (j-Fr x F(x) n7)<fc-l 

and so (i, j)-sind(F, X) < fc. Thus («, j)-sind(F, X) < (j, j)-sindF. 

(2) By (1), it suffices to prove only that if U' G rj, then there is 
U G Tj such that U HY — U' and j-Fr x t/ n V = j-Fr y [/'. But this 
fact is proved in the first part of the proof of Proposition 2 in [23]. □ 

Proposition 9.13. Let (Y, t[,t^) be a BsS of a BS (X, r 1 ,r 2 ) and 
y = y 1 uy>. Then 

(*,j)-sind(y,X) < (i,j)-sind(y 1 ,X) + (i,j)-sind(y 2 ,X) + l. 

Proof. We shall use the induction under a nonnegative integer n = 
(i, j)-sind(y,X) + (i, j)- sind(Y" 2 , X). Let the inequality be proved for 
n < k — 1 and prove it for n = k. If x G Y\ C F is any point, then for 
any U(x) G there is V(x) G r,- such that Tj c\V(x) C C/(x) and 

(U)-sind (j-FrxV^nF.X) < (i, j^shu^F, X) - 1. 

Since 

j-Frx v(x) n f = (j-Fr x y(x) n y) u (j-Fr x v(x) n y) 

and 

(i, j)- sind (j-Frx V"(x) HY 1 ,X) + (i, j)- sind (j-Frx V(ar) n F 2 , X) < 
< (iJ)-smd(Y u X) - 1 + (i, j)-sind(F 2 ,X) = A; - 1, 

one can use the inductive assumption under the set j-Frx V(x) n F. 
Hence 

(i, j)- sind (j-Frx V(x) nF,X)<A;-l + l = A; 
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and thus (i,j)-smd(Y,X) < k + 1. □ 

Proposition 9.14. If (X,Ti < r 2 ) is 2-normal and p-normal, 

Y G cor 2 and (1, 2)-sind Y = 0, then (1, 2)-sind(F, X) = 0. 

Proof. We shall prove that for each x G Y and any U (x) G T\ there is 
V(x) G r 2 such that r 2 cl V(x) C U(x) and (r 2 cl F(x) \ V(x)) H F = 0. 
Since (1,2)- sind F = 0, there is V G t' 2 H cor^ such that a; G V C 
fl F. Clearly, F G cot 2 implies that F G cor 2 , F \ V G cor 2 
and since (X, Ti,t 2 ) is 2-normal, there are t/(V) G r 2 , C/(F\ V) G r 2 
such that [/ (V) f]U(Y \ V) = 0. Moreover, since X is p-normal and 
F C U(x), by (4) of Definition 1.1, there is E(V) G n such that 

V C E(V) C r 2 cl£(F) C U(x). If = .5(F) n U(V), then 
W(V) G r 2 as Ti C r 2 , and 

V C C r 2 cl C X \ (F \ F) = (X \ F) U F 

since t 2 c\W(V) C r 2 clC/(F) and r 2 clC/(F) n (Y \V) — 0. It is 
clear that r 2 c\W{V) C C/(x) and t 2 c\W(V) n F = r 2 cl F = F. Let 
W{V) = V{x). Then 

2-Fr x V{x) n F = (r 2 cl F(x) \ F(x)) n F = 
= (r 2 c\W(V)\W(V)) DY = V\V = 0. □ 

Theorem 9.15. If (X,Ti < r 2 ) zs (1,2) -separately regular, 
Fg2-£>(X) andZCYCX, then (1, 2)-sind(Z, F) = (1, 2)-sind(Z, X). 

Proof. By (3) of Theorem 9.10 it suffices to prove only that 
(l,2)-sind(Z,X) < (1, 2)- sind (Z, F). We shall use the induction un- 
der a nonnegative integer n = (1, 2)-sind(Z, F). Let the inequality be 
proved for n < k — 1 and prove it for n = k. If x G Z is any point 
and U(x) G T\ is any neighborhood, then k = (1, 2)-sind(Z, F) implies 
that there is V'(x) G t' 2 such that t' 2 cl V'(x) <zU(x)f\Y and 

(1, 2)- sind (2-Fry V'(x) n Z, F) < Jfe - 1. 

Moreover, by inductive assumption, we have 

(1, 2)- sind (2-Fry V'(ar) nZ,l)< 
< (1,2)- sind (2-Fr r F'(x) n Z, Y) < k — 1. 

Let VF(rr) G r 2 and W(a;) n F = V'{x). Since F'(x) C U(x) and 
ri C r 2 , for V(x) = W(x) nU(x) G r 2 we have F(x) C U(x) and 
V(x) n F = V'(x). Since F G 2-X>(X), by Lemma 2.16 we have 

r 2 cl V{x) = t 2 c\{V{x) n F) = r 2 cl V\x). 
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Therefore, Z <zY implies that 

2-Fr x V(x) n Z = (r 2 cl V(x) \ V(x)) f] Z = 

= ((r 2 c\V(x)\V(x)) C)Y)nZ= ((r 2 c\V'(x)\V(x))nY) n Z = 

= (7-2 cl V"(x) \V\x))nZ = 2-Fr Y V"(x) n Z. 

Since (X,Ti,T2) is (1, 2)-separately regular, one can assume that 
T2c\V(x) C U{x). Hence, for each x G Z and any U(x) G Ti there 
is V(x) G r 2 such that T2c\V(x) C C/(x) and 

(1, 2)- sind (2-Fr x V(x) nZ,X) = (1, 2)- sind (2-Fr y V"(x) nZ,l)< 
< (1, 2)- sind (2-Fry V'(x) n Z,Y) < k - 1. 

Therefore, (1, 2)-sind(Z, X) < fc and thus (1, 2)-sind(Z, X) < 
(l,2)-sind(Z,F). □ 

Theorem 9.16. If f : (X,Ti < r 2 ) — > (Xi,7i < 72) a d-continu- 
ous surjection and (Y,t[ < r 2 ) is a BsS o/X snc/i that the restriction 
f\ Y : (Y,t[ < r 2 ) — > (Yi = f(Y), 7( < 7 2 ) zs a d-homeomorphism, then 
(l,2)-sind(Y,X) < (1, 2)- sind(Ti, Xi). Moreover, i/(Xi, 7 i < 72 ) is 
hereditarily 2-normal, then 

(l,2)-sind(Y,X) = (l,2)-sind(Fi,Xi) = (1,2) sind Y. 

Proof. First, let us prove the inequality 

(l,2)-sind(Y,X) < (l,2)-sind(Fi,X 1 ) 

by induction under a nonnegative integer n = (1, 2)- sind(Y"i, Xi). Sup- 
pose that the inequality is proved for n < k — 1 and prove it for n = k. 
Let x G Y be any point and U(x) G t\ be any neighborhood. Since 
f\ Y is a d-homeomorphism, f(U(x) DY) G 7^. 

But (1, 2)- sind(Yi, X x ) = k and so for a set U G 71, where U C\Y 1 — 
f(U(x) fl F), there is a set VF G 7 2 such that 7 2 cl H^ C £/ and 

(1, 2)- sind (2-Fr Xl W (~)Y 1 ,X 1 ) < k - 1. 

On the other hand, the set V(x) = f~ x (W) fl U(x) G r 2 and it suffices 
to prove that 

(1, 2)- sind (2-Fr x V(x) n Y, X) < k - 1. 
By the inequality (6) in the proof of Lemma 1 in [24], we have 

2-Fr x V(x) HYC /- 1 (2-Fr Xl W) fl Y" = /" 1 (2-Fr Xl W n F). 
Hence, by inductive assumption and (3) of Theorem 9.10, 
(1, 2)- sind (2-Fr x V{x) n Y, X) < k - 1 
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so that (1, 2)-sind(y, X) < k and thus 

(l,2)-sind(y,X) < (l,2)-sind(F 1 ,X 1 ). 

For the second part, first of all note that since /| y is a <i-homeo- 
morphism, we have (1,2)- sind y = (1, 2)-sind Y\. Since (^1,71,72) 
is hereditarily 2-normal, by (1) of Proposition 9.12, for a BsS Y\ C 
Xi we have (1, 2)- sind(Y"i, Xi) = (1, 2)-sind Y\. Therefore it remains 
to prove the equality (1, 2)- sind(Y, X) = (l,2)-sindy, i.e. by (1) 
of Theorem 9.10, it suffices to prove only that (1, 2)- sind(y, X) < 
(l,2)-sindF. We shall use the induction under a nonnegative inte- 
ger n = (1, 2)-sindF. Let the inequality be proved for n < k — 1 and 
prove it for n = k. If x G Y and U(x) E t±, then there is V'(x) E t' 2 
such that 

t' 2 cl V\x) C U{x) n Y and (1, 2)- sind (2-Fr y V\x)) < k - 1. 

Since /| y is a (i-homeomorphism, we have f(V'(x)) G 7 2 . But the BS 
(X\, 71,72) is hereditarily 2-normal and by the proof of the first part 
of Proposition 1 in [23], there is W G 72 such that 

W n Yi = /(F'(a;)), 2-Fr Xl n ^ = 2-Fr y , 

Let V(x) = f~ l {W) n C/(x). It is clear that V(a:) G r 2 and V(a:) n Y = 
V'(x). By the proof of Lemma 2 in [24], 2-Fr x V(x)nY = 2-Fr y V'(x). 
Therefore, it remains to use the inductive assumption with respect to 
the set 2-Fry V'(x), i.e., 

(1,2)- sind (2-Fr x V{x) f)Y,X) = (1, 2)- sind (2-Fr y V'(x), X) < 

< (l,2)-sind(2-Fry\/'(a;)) < k - 1. 

Hence (1, 2)- sind(F, X)<k and thus (1, 2)- sind(F, X) < (1, 2)- sind Y. □ 

Definition 9.17. For a BsS (Y,t{,t£) of a BS (X,n,r 2 ) and a 
relatively i-regular pair (x, A), x G Y, A G corj, 16 A, a separate 
relative partition, corresponding to (x,A), is a j-closed set T C X 
such that X \ T is not j-connected and 

(x \ T) n y = y \ t c #1 u # 2 , 

where x E H[ = H\ (~}Y E t'j, A C H2 E Tj and #1 n if 2 = 0- 

Remark 9.18. Let (y, r{, r^) be a BsS of a BS (X, n, r 2 ) and (x, A) 
be a relatively i-regular pair. Then 

(1) If there is a neighborhood C/(x) G r,- (U(A) E Tj) such that 
Tj cl C/(x) C X\A (Tj cl C/(A) C X\{x}), then the set j-Fr x U(x) 
(J-Frx U(A)) is a separate relative partition, corresponding to 
(x,A). 
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(2) If T is a separate relative partition, corresponding to (x,A), 
then j-Fr x H t C T. 

The proof is identical to the proof of Remark 9.7. 

Proposition 9.19. Let (Y, t[, t 2 ) be a BsS of a BS (X, Ti, t 2 ) and n 

denote a nonnegative integer. Then (i, j)-smd(Y, X) < n if and only 
if to every relatively i-regular pair (x, A) there corresponds a separate 
relative partition T such that (i, j)-sind(T fl Y, X) < n — 1. 

Proof. First, let (i, j)-sind(F, X) < n and (x,A) be a relatively 
i-regular pair. Then x G U(x) = X \ A e r, and by (2) of Defini- 
tion 9.9 there is a neighborhood V(x) G r,- such that 

Tj cl V(a:) C U(x) and (i, j)- sind (j-Fr x V(x) HY,X) <k-l. 

But by (1) of Remark 9.18, j-Fr x V(x) is a separate relative partition, 
corresponding to (x,A). 

Conversely, let us suppose that the condition is satisfied and let us 
prove that (i, j)- sind(Y, X) < n. Let x G Y be any point and U (x) G 
be any neighborhood. Then the pair (x, A = X \ U(x)) is a relatively 
i-regular pair and by condition, there is a separate relative partition T 
for (x,A) such that (i,j)-smd(TnY,X) < n-1. But Y\T C H^H*, 
where x e H[ <Z H ± e Tj, A <Z H 2 e Tj, and ifi n H 2 = 0- Clearly, 

T j c\H l cX\H 2 cX\A = U(x). 

Let H x = V(x). Then Tj c\V(x) C C/(x) and by (2) of Remark 9.18, 

j-Frx V(x) n Y = j-Frx H 1 C\Y <ZT C\Y. 

Since (i,j)-sind(T n Y,X) < n-1, by (3) of Theorem 9.10, 
(i,j)-smd(j-Fr x V(x) C\Y,X) < n — 1. Thus, it remains to use (2) 
of Definition 9.9. □ 

Proposition 9.20. If a BsS (Y,t[,t^) ofaBS (X,t u t 2 ) is(i,j)-WS- 
separately superregular in X and j-extremally disconnected in X, then 
(i,j)-sind(Y,X)=0. 

Proof. Let, xEY and U(x) GTj be any neighborhood. Then, by (2) of 
Proposition 2.36, there is V'(x) G rj such that Tj cl V'(x) dU(x), where, 
by topological version of Definition 2.39, Tjc\V'(x) Etj fl cofj. Hence 
j-Frx V'(x) = and by (2) of Definition 9.9, (i, j)- sind(F, X) = 0. □ 
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10. (2, j)-Large Separate Inductive Dimension Functions and 
(i, j)-Large Separate Relative Inductive Dimension Functions 

Definition 10.1. Let (X, t 1: t 2 ) be a BS and n denote a nonnegative 
integer. Then 

(1) (ij)- slndX = -1 if and only if X = 0. 

(2) (i,j)-slndX < n if for each set F G con and any neighbor- 
hood U(F) G Ti there is a neighborhood V(F) G Tj such that 
Tj c\V(F) C U(F) and (i, j)-slnd(j-Fr x V(F)) < n - 1. 

(3) (i,j)-slndX = n if (i, j)-sIndX < n and (2, ?)-sIndX < n — 1 
does not hold. 

(4) (i,j)-slndX = oo if (?',?)- slnd X < n does not hold for any n. 
As usual 

p-slndX < n ((l,2)-sIndX < n A (2, 1)- slndX < n). 

It follows immediately from Proposition 2.29 that if slndX is 
finite, then (X,ti,t 2 ) is -separately normal. 

Proposition 10.2. If(Y,r[<T^ is a 2-closed BsS o/aBS (X,ti<t 2 ) ; 
^en (2,l)-sIndF < (2, l)-sIndX. 

Moreover, if (Y, t[ <c t 2) ^ s a ^--closed BsS of a BS (X, T\ < r 2 ) ; then 
(l,2)-sIndF < (2, l)-sIndX. 

Proof. First, let Y E cot 2 and n = (2, l)-sIndX. Let the inequality 
be proved for n < k — 1 and prove it for n = k. Let F G co r 2 and 
C/'(F) G To\ Then F G cor 2 and if 17(F) G r 2 , C/(F) fl F = C/'(F), 
then (2, l)-sIndX = k implies that there is V(F) G T\ such that 
t iC \V{F) C U(F) and (2, 1)- sInd(l-Fr x V(F)) <k — l. Let \/'(F) = 
V{F) fl y. Then 

r( cl V'(F) = n cl \/'(F) n y C f/(F) n7 = C/'(F) 

and l-Fr y y'(F) C l-Fi x V(F). Since 1-Fr y V'(F) is 2-closed in 
(1-Frx V(F),t" < r 2 ), by inductive hypothesis, 

(2, 1)- slnd (1-Fry V'(F)) < (2, 1)- slnd (l-Fr x V(F)) <k — l, 

and hence, (2, 1)- slnd Y < k so that (2, 1)- slnd Y < (2, 1)- slnd X. 

Now, let us prove that (1,2)- slnd Y < (2,1)- slnd X for Y G cor! 
and n = (2, l)-sIndX. Let the inequality be proved for n < k — 1 and 
prove it for n = k. Let F G cor( and U'(F) G t[. Then Y G coti 
implies that F G con. Let U(F) G r x and U(F) nY = U'(F). 
Since F G con C cor 2 , U(F) G n C r 2 and (2, l)-sIndX < fc, 
there is a neighborhood V(F) G r x such that riciy(F) C U{F) and 
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(2.1) -sInd(l-Fr x F(F)) < k - 1. Since r[ < c t' 2 , by (2) of Corol- 
lary 2.2.7 in [8], 

2-Fry V\F) = 1-Fry V'(F) C 1-Fr x F(F), 

where V'(F) = V(F) n F and as 1-Fr y F'(F) is 1-closed in 
(1-Frx V(F),t" < r 2 ), by inductive assumption, 

(l,2)-slnd (2-Fry V'(F)) < (2, 1)- slnd (l-Frx V(F)) <k — 1. 

Therefore, (1,2)- slnd F < (2, l)-sIndX. □ 

Proposition 10.3. For ani-Ti BS (X, ti,t 2 ) we have 

(i,j)-smdX < (?,j)-sIndX 

Theorem 10.4. The following inequalities hold for a BS (X, T\ < t 2 ): 

(1.2) - slnd X < 2-IndX and 1-IndX < (2, l)-sIndX. 

Proof. First, let us prove the right inequality by induction under a 
nonnegative integer n = (2, l)-sIndX. Let the inequality be proved 
for n < k—1 and prove it for n = k. Let F e co T\ and U (F) e T\ be any 
neighborhood. Then F G cor 2 , U(F) G r 2 and since (2, l)-sIndX = k, 
there is V(F) G T\ such that 

ndV(F) C U{F) and (2, l)-slnd (l-Fr x V{F)) < k - 1. 

Hence, by inductive assumption 

1-Ind (1-Fr x V{F)) < (2, l)-slnd (l-Fr x V{F)) < k - 1. 

Thus 1-IndX < fc and so 1-IndX < (2,1)- slnd X. 

Now, let 2-Ind X = n, the left inequality be proved for n < k — 1 
and prove it for n = k. Let F G coti and U(F) G ri be any neigh- 
borhood. Since T\ C r 2 and 2-IndX = k, there is V(F) G r 2 such 
that r 2 clF(F) C U(F) and 2- Ind(2-Fr x F(F)) < jfe - 1. Hence, by 
inductive assumption 

(1,2)- slnd (2-Fr x V(F)) < 2-Ind (2-Fr x V(F)) < k - 1, 

and so (1,2)- slnd X < k. Thus (1,2)- slnd X < 2-IndX. □ 

Corollary 10.5. For a BS (X, Ti,t 2 ) we have 

(1) Ifn < c t 2 , then 1-IndX < min((l,2)-IndX, (2,1)- slnd X). 

(2) If t x < N t 2 , then 1-IndX < min((l, 2)-IndX, (2, l)-sIndX) 
and max((2,l)-IndX, (1,2)- slnd X) < 2-Ind X. 



Proof. Follows from Theorem 10.4 taking into account (1) and (2) of 
Theorem 3.2.38 in [6]. □ 
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Proposition 10.6. If a BS (X, t±, t 2 ) is (i, j)- separately normal and 
j-extremally disconnected, then (i,j)-slndX = 0. 

Proof. Let F G co Tj and U(F) G n be any neighborhood. Then, 
by Proposition 2.29, there is a neighborhood V(F) G Tj such that 
TjClV(F) C U(F). Since X is j-extremally disconnected, W(F) = 
TjcW(F) G ^ n co Tj and, hence, j-Fr x W(F) = 0. Thus, by (2) of 
Definition 10.1, (i,j)-slndX = 0. □ 

Definition 10.7. Let (A, B) be an i-normal pair in a BS (X, Ti, T2), 
i.e., A, £? G co Tj and AdB = 0. Then we say that a j-closed set T is a 
separate partition, corresponding to the i-normal pair (A, B), if X \ T 
is not j-connected so that X \ T — Hi U H 2 , where Hi, H 2 G Tj\{0}, 
A C Hi, B C H 2 and H x n i? 2 = 0. 

Remark 10.8. One can easily to verify that in a BS (X, T\, r 2 ) the 
following conditions are satisfied for an i-normal pair (A, B): 

(1) If there exists a j-open neighborhood U(A) (j-open neighbor- 
hood U(B)) such that Tj cl U(A) cX\B fa cl C/(B) C X \ A), 
then the set j-Fr x U(A) (j-Fv x U(B)) is a separate partition, 
corresponding to (A,B). 

(2) If T is a separate partition, corresponding to (A, B), then 
j-l-r x Hi C T. 

The proof is similar to the proof of Remark 9.7 and can be omitted. 

Proposition 10.9. Let {Y,t[,t' 2 ) be a BsS of a BS (X,t u t 2 ) and 
n denote a nonnegative integer. If (i,j)-slndX < n, then to every 

1- normal pair (A, B) there corresponds a separate partition T such that 
(i,j)-slndT <n-l. 

Proof. Let (i,j)- slndX < n and (A, B) be an i-normal pair. Then 
U (A) = X\B G Ti is an i-open neighborhood and since (i, j)- slnd X <n, 
there is V(A) G Tj such that Tj cl V(A) C U(A) and 

(i,j)-slnd(j-Fr x V(A)) <n-l. 

Thus, it remains to use (1) of Remark 10.8. □ 

Corollary 10.10. Let (X, t\ < t 2 ) be a BS and n denote a nonnega- 
tive integer. Then (2, l)-sIndX < n if and only if to every 

2- normal pair (A, B) there corresponds a separate partition T such that 
(2, l)-sIndT < n- 1. 

Proof. The first part is proved by Proposition 10.9. 

Conversely, let the condition is satisfied, F G cor 2 and U(F) G r 2 . 
Then for a 2-normal pair (F,X\U (F)) there is a separate partition T 
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such thatX\T = #iU#2, H u H 2 G n\{0}, F C H u X\U(F) C ff 2 , 
H 1 f\H 2 = and (2, l)-sIndT < n - 1. Clearly, 

n cl if i Cl\(I\U(F)) = 17(F). 

Let if i = V(F). Thennciy(F) C U(F) and by (2) of Remark 10.8 to- 
gether with the first part of Proposition 10.2, (2, 1)- sInd(l-Fr x V(F)) < 
n- 1. Thus (2,1)- slndX < n. □ 

Definition 10.11. Let (Y, t[, t 2 ) be a BsS of a BS (X, Ti, r 2 ) and n 

denote a nonnegative integer. Then 

(1) (i, j>sInd(y,X) = -1 if and only if Y = 0. 

(2) (i, j)-sInd(Y, X) < n if for any set F G cor/ and any neigh- 
borhood U(F) G ^ there is a neighborhood V(F) G Tj such 
that Tj c\V(F) C U(F) and (i, j)-slnd ((j-Fr x V(F) HY,X) < 
n— l{^=f- for any set F G co r/ and any neighborhood £/(F) G r« 
there is a neighborhood V(F) G r,- such that Tj cl V(F) C U (F) 
and (i, ,?')- sInd(?-Fr x V(F) HY) <n-l). 

(3) (i,?)-sInd(Y,X) = n if (i, ?)-sInd(Y,X) < n and 
(i, j)-slnd(y, X) < n — 1 does not hold. 

(4) (i, 7)-sInd(Y, X) = oo if (i, ?)-sInd(Y, X) < n does not hold for 
any n. 

As usual 

p - sInd(F, X) < n<^> ((1, 2)- sInd(Y, X) < n A (2, 1)- sInd(F, X)<n). 

It follows immediately from (2) of Definition 10.11 and (3) of Propo- 
sition 2.31 that if (i, j)-sInd(Y,X) is finite, then Y is (i, j)-separately 
supernormal in X. Hence, by implications after Definition 2.30, Y is 
(i, 7)-strongly separately normal in X, F is (i, j)-WS-separately su- 
pernormal in X, y is (i, ^-separately normal in X, F is (i,j)-WS- 
separately normal in X and Y is (i, j)-quasi separately normal in X. 

Proposition 10.12. For an i-Ti BsS (Y,t{,t£) o/«BS (X,n,T 2 ) 
we /iawe («, ?)-sind(Y, X) < (i, j)-sInd(Y, X). 

Proposition 10.13. If (Z,t[' < t%) C (F, r{ < t' 2 ) C (X,ri < r 2 ) 
and Z G cor^, toen (2, l)-sind(Z,X) < (2, l)-sInd(Y, X). 

Proof. Let us prove the monotonicity property of (2,1)- sInd(F,X) 

by induction under a nonnegative integer n = (2, l)-sInd(Y, X). Let 
the inequality be proved for n < k — 1 and prove it for n = k. Let F G 
cot% and [7(F) G r 2 . Then F G cor^ and since (2, l)-sInd(Y,X) = k, 
there is V(F) G T\ such that 

T\ cl \/(F) C 17(F) and (2, 1)- slnd (l-Fr x V(F) n Y, X) < k - 1. 
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Since l-Fr x V(F) n Z is 2-closed in (l-Fr x (V(F) n Y, rf < t£), by 
inductive assumption, 

(2, 1)- slnd (l-Fr x nZ,l)< 

< (2, 1)- slnd (l-Fix V(F) C\Y,X) < k — 1 and so 

(2, 1)- sInd(Z, X) < k. Thus (2, 1)- sInd(Z, X) < (2, 1)- sInd(F, X). □ 

Theorem 10.14. For a BsS (Y,r[ < t' 2 ) of a BS (X,n < r 2 ) the 
following inequalities hold: 

(1) (1, 2)- sInd(Y, X) < 2-Ind(Y, X), i-Ind(Y, X) < (2, l)-sInd(Y, X) 

and hence, 

(l,2)-sInd(Y,X) < 2-Ind(Y,X) < (2, l)-Ind(Y, X). 

Moreover, if T\ <c t 2 , then in addition, we have: 

(2) (l,2)-sInd(F,X) < l-Ind(F,X) and hence 

(l,2)-sInd(F,X) < i-Ind(F,X) < (2, 1)- sInd(F, X). 

Proof. (1) First, let us prove the left inequality by induction under a 
nonnegative integer n = 2-Ind(F, X). Let the inequality be proved for 
n < k — 1 and prove it for n = k. Let F G cor{ and U (F) G T\ be 
any neighborhood. Since T\ C r 2 , we have F G cor^, U(F) G r 2 and 
by 2-Ind(F, X) — k there is V(F) G r 2 such that 

r 2 cl V{F) C U(F) and 2-Ind (2-Fr x V(F) n Y, X) < k - 1. 

Hence, by inductive assumption, 

(1,2)- slnd (2-Fr x V(F) fl F, X) < 2-Ind (2-Fr x n F, X) < k-l 

so that (l,2)-sInd(F,X) < k and thus (1, 2)- sInd(F, X) < 2-Ind(F,X). 

Now, let n = (2, 1)- sInd(F, X), the right inequality l-Ind(F,X) < 
(2, l)-slnd(y, X) be proved for n < k — 1 and prove it for n = k. 
Let F G cor(, U(F) G t x . Then F G cor^, U(F) G r 2 and since 
(2, l)-sInd(F,X) = k, there is V(F) G t x such that nciy(F) C U(F) 
and (2,1)- slnd (l-Fr x F(F) n Y,X) < k-l. Hence, by inductive 
hypothesis 

1-Ind (1-Fr x V(F) fl Y, X) < (2, 1)- slnd (l-Fr x V(F) n Y, X) < jfe-l. 

Therefore l-Ind(F,X) < fc and so l-Ind(F,X) < (2, l)sInd(F,X). 

Furthermore, for a nonnegative integer n = (2, l)-sInd(Y,X) let us 
prove the inequality 2-Ind(F, X) < (2, 1) sInd(F, X). Let the inequality 
be proved for n < k — 1 and prove it for n = k. Let F G corj, 
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U(F) G r 2 . Then (2, l)-sInd(F,X) = fc implies that there is V(F) G n 
such that 

T\ cl V{F) C U{F) and (2, 1)- slnd (l-Fr x V{F) n F, X) < fc - 1. 

Since 2-Fr x F(F) C l-Fr x y(F), the set 2-Fi x V{F) n F is 2-closed 
in 1-Frx ^(F) n F and by Proposition 10.13, (2, 1)- sInd(2-Fr x V(F) fl 
F, X) < fc — 1. Hence, by inductive assumption, 2-Ind(2-Frx V(F) fl 
F, X) < fc - 1. Since r 2 cl V(F) C C/(F), we have 2-Ind(F, X) < k and 
thus 2-Ind(F,X) < (2, l)-sInd(F, X). 

(2) Let Ti < c t 2 and use the induction under n = l-Ind(F, X). 
Suppose that the inequality is proved for n < k — 1 and prove it for 
n = k. If F e cot[, U(F) e n, then l-Ind(F,X) = k implies that 
there is V(F) G T\ such that 

ri cl V(F) C U(F) and 1-Ind (l-Fr x V(F) fl F, X) < k — 1. 

Since F(F) G n, by (2) of Corollary 2.2.7 in [8], 1-Fr x F(F) = 
2-Fr x F(F) and so 1-Ind (2-Fr x V(F) n F,X) < fc - 1. Therefore, 
by inductive assumption (1, 2)- slnd (2-Frx V"(F) fl F, X) < /c — 1. 
Since V(F) G t x C r 2 and r 2 clF(F) C t x c\V{F) C C/(F), we have 
(l,2)-sInd(F,X) < fc. Thus (1, 2)- sInd(F, X) < l-Ind(F,X). □ 

Corollary 10.15. For a BsS (Y,r[ < t' 2 ) of a BS (X,n < r 2 ) we 
/iawei-IndF < (2,l)-sInd(F,X). 

Proof. Follows directly from (1) of Corollary 8.6 and (1) of Theo- 
rem 10.14. □ 

Theorem 10.16. Let (Y,r[ < t£) be a BsS of a BS (X,n < r 2 ). 
Then (2, l)-sIndF < (2, l)-sInd(F, X). Moreover, if Y G cor 2; then 
(2,l)-sInd(F,X) < (2, l)-sIndX and thus (2, l)-sInd(X, X) = 
(2,1) -slnd A". 

Proof. We shall prove the inequality (2, l)-sIndF < (2, l)-sInd(F,X) 
by induction under a nonnegative integer n = (2, 1)- sInd(F, X). Let 
the inequality be proved for n < k — 1 and prove it for n = k. Let 
F G COT2 and U'(F) G t' 2 be any neighborhood. Then there is U(F) G 
r 2 such that U(F) n F = Since (2, l)-sInd(F,X) = k, there is 

V(F) G ri such that 

ri cl F(F) C C/(F) and (2, 1)- slnd (l-Fr x V(F) n F, X) < fc - 1. 

Hence, by inductive assumption, (2, 1)- sInd(l-Frx V"(F) fl F) < k — 1. 
Since 1-Fr y V(F) is 1-closed and, hence, 2-closed in 1-Fr x V(F) n F, 
where V'(F) = V(F) n F, by Proposition 10.2, 

(2, 1)- slnd (1-Fry V'(F)) < (2, 1)- slnd (l-Fr x V{F) n F) < fc - 1. 
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Thus (2,l)-sIndY < k and so (2,1)- slnd F < (2, 1)- sInd(F, X). 

Now, let Y E cor 2 , (2, l)-sIndX = n, the inequality be proved for 
n < k — 1 and prove it for n = k. Let FecorjCco t 2 and U (F) E r 2 . 
Since (2, l)-sIndX = fc, there is V(F) E Ti such that 

riclF(F) C 17(F) and (2, l)-slnd (l-Pr x I/(F)) < k - 1. 

Therefore, by inductive assumption, 

(2, l)-sind (1-Prx V(F) n F, 1-Fr x F(F)) < Jfe - 1 

and by the first inequality of this theorem, (2, l)-slnd (l-Frx V(F) fl 
F) < k — 1. Hence, by the condition in brackets in (2) of Defini- 
tion 10.11, (2,l)-sInd(F,X) < k and thus (2, l)-sInd(Y, X) < 

(2.1) - slnd X. 

Finally, it is evident that (2, 1)- sInd(X, X) = (2, 1)- slnd X. □ 

Recall that by Definition 2.3.15 in [8], a topology T\ is i-strongly 
near a topology r 2 on a set X (briefly, TiN(i)t 2 ) if the N relation is 
hereditary with respect to i-closed subsets of X. 

Theorem 10.17. // (Y, t[ < t' 2 ) is a l-closed BsS of a BS 
{X,n < N{1) t 2 ), then {1,2)- slnd Y < (1, 2)-sInd(Y, X) < (1,2)- slnd X 
and thus (1, 2)-sInd(X, X) = (1,2)- slnd X. 

Proof. First, let us prove the right inequality. As usual, we shall use 
the induction under n = (1,2)- slnd X. Let the inequality be proved 
for n < k — 1 and prove it for n = k. Let F e corj and U(F) E t±. 
Then F G cori and since (1,2)- slnd X = k, there is V(F) E r 2 such 
that 

r 2 c\V(F) C U(F) and (1, 2)- slnd (2-Fr x V(F)) < k - 1. 

Since n <jv ( i) r 2 , by (2) of Corollary 2.3.12 in [8], 2-Fr x V(F) = 
1-Fix V(F). Clearly 1-Fr x V(F) fl F G co r x and by Corollary 2.3.10 
in [8], ri <jv(i) T2 implies that ri <c(i) T 2- Hence, 1-Frx V(F) fl 
Y E co Ti implies that rf < c r^' in (1-Frx V(F) n F, < r£) and 
since 1-Frx F(F) fl F is l-closed in 2-Frx V(F), by the second part of 
Proposition 10.2, 

(1,2)- slnd (1-Frx F(F)HF) =(1,2)- slnd (2-Fr x V(F) fl F) < 

< (1, 2)- slnd (2-Frx V(F)) < k - 1. 

Therefore, by the condition in brackets in (2) of Definition 10.11, 

(1.2) -sInd(F,X) < fc and so, (1, 2)- sInd(F, X) < (2,1)- slnd X. 
Now, we shall prove the left inequality by induction under a non- 
negative integer n = (1, 2)-sInd(F, X). Let the inequality be proved 
for n < k — 1 and prove it for n = k. Suppose that F E cot[, 
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U'{F) G t[ and U(F) G n such that 17(F) n F = C/'(F). Since 
(l,2)-sInd(F,X) = k, there is V(F) G r 2 such that 

r 2 cl V{F) C 17(F) and (1, 2)- slnd (2-Fr x F(F) n Y, X) < k - 1. 

Hence, by inductive hypothesis (1, 2)-sInd(2-Frx (17) < k — 1. 
Since Ti <at(i) t~2 and 7 6 coti, we have 

2-Fr x V{F) = l-Fr x V(F) and 2-Fr y F'(F) = 1-Fry V"(F), 

where V'(F) = V(F)nY. But 1-Fry V'(F) is 1-closed in 1-Fr x V(F) n 
F, and since Ti <jv(i) r 2 implies T\ <c(i) T2, by the second part of 
Proposition 10.2, 

(1, 2)- slnd (1-Fry F'(F)) < (1, 2)- slnd (l-Fr x V(F) n F) = 
= (1, 2)- slnd (2-Fr x V(F) n F) < Jfe - 1. 

Hence (1,2)- slnd F < fc and so (1,2)- slnd F < (1, 2)-sInd(F, X). Fi- 
nally, for T\ <n(i) T 2 it is evident that (1, 2)-sInd(X, X) = 
(1,2)- slnd X. □ 

Definition 10.18. Let (Y,t[,t^) be a BsS of a BS (X,t u t 2 ). Then 
a pair (A, 77), where A G cor/, B £ cor^ and A fl 77 = 0, is said to 
be a separate relatively i-normal pair. A separate relative partition, 
corresponding to (A, B), is a j-closed set T C X such that X\T is not 
j-connected and 

(X\T)n7 = 7\TcffiUF 2 , 
where A C H- — HidY e rj, 5 C 77, G r,- and H 1 f]H 2 = 0. 

Remark 10.19. Let (F,r{,r^) be a BsS of a BS (X,t 1 ,t 2 ) and 
(A, 5) be a separate relatively i-normal pair. Then 

(1) If there is a neighborhood U(A) G r,- (U(B) G r,-) such that 
Tj cl C/(A) C X\77 (rj cl f/(77) C X\A), then the set j-Fr x U{A) 
(j-Fr x U(B)) is a separate relative partition, corresponding to 
(A 77). 

(2) If T is a separate relative partition, corresponding to (A,B), 
then j-Frx 7/j C T. 

Indeed, (1) Let us prove the case in brackets. We have: 

X \ j-Frx U(B) = (X \ Tj cl U(B)) U U(B), 

where A <Z H< = (X \ Tj cl £/(£)) n Y G rj, 5 C C/(B) = if, G Tj and 
H 1 nH 2 = 0. 
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(2) Since (X \ T, t", t 2 ) is not j-connected, i.e., X \ T — H± U H 2 , 
Hi G Tj \ {0}, H 1 n H 2 = 0, A C H[ = Hi n Y and B C Hj, we have 

j-Ft x H t f](X\T) = {jj cl ^ \ Hi) f] (X \ T) — 0. 

Thus j-Fr x Hi C T. 

Proposition 10.20. Let (V,t(,t^ 6e a BsS o/aBS (X,ti,t 2 ) and 
n denote a nonnegative integer. If (i, j)-sInd(Y, X) < n, then to every 
separate relatively i-normal pair (A, B) there corresponds a separate 
relative partition T such that (i, j)-sInd(T fl Y, X) < n — 1. 

Proof. Let (i, j)-sInd(Y, X) < n and (A, B) be a separate relatively 

1- normal pair. Then U(A) = X\B G Ti and since (i, j)-sInd(Y, X) < n, 
there is V(A) G Tj such that 

^ clV(A) C C/(A) and (i,j)-slnd (j-Fr x V(A) n Y,X) < n - 1. 

Thus, it remains to use (1) of Remark 10.19. □ 

Corollary 10.21. Let (Y, r{ < r^) 6e a BsS o/ a BS (X, n < r 2 ) and 

n denote a nonnegative integer. Then (2, l)-sInd(Y, X) < n if and only 
if to every separate relatively 1-normal pair (A, B) there corresponds a 
separate relative partition T such that (2, l)-sInd(T fl Y,X) <n — l. 

Proof. The proof of the first part is given by Proposition 10.20. 

Conversely, let us suppose that the condition is satisfied, A G cot^ 
and U(A) G r 2 . Then (A, B = X \ U(A)) is a separate relatively 

2- normal pair and, by condition, there is a separate relative partition 
T, corresponding to (A,B), such that (2, l)-sInd(T fl Y,X) < n — 1. 
But Y \ T C LTi U H 2 , where A d H[ = H^Y e B d Hj e n and 
HinH 2 = 0. Clearly, 

Ti cl LL C X \ Hj C X \ B = U(A) G r 2 . 

Let Lfi = V(A). Then n clF(A) C U(A) and by (2) of Remark 10.19, 

1-Fr x V(A) n Y = 1-Ftx Hif)Y cTf)Y. 

Since (2, 1)- sInd(T n Y, X) < n - 1 and 1-Fr x n Y is 1-closed and 
so, 2-closed in T fl F, by Proposition 10.13, 

(2, 1)- slnd (l-Prx V(A) n Y, X) < (2, 1)- sInd(T n Y, X) < n - 1 

so that (2, 1)- sInd(F, X) < n. □ 

Proposition 10.22. // a BsS (Y,t{,t^) o/ a BS (X,n,T 2 ) 
(i, j)-WS -separately supernormal in X and j-extremally disconnected 
mX, then (i, j)-sInd(Y, X) =0. 
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Proof. Let F G cor/ and U(F) G 7$. Then, by (2) of Proposi- 
tion 2.31, there is V'(F) G rj such that TjC\V'(F) C C/(x), where 
by topological version of Definition 2.39, TjClV'(F) = V(F) G Tj fl 
corj, so that j-Fix V(F) = 0. Therefore, by (2) of Definition 10.11, 
(i,j)-sInd(Y,X) = 0. □ 

11. (i, j)-Relative Covering Dimension Functions 



Definition 11.1. Let (Y,t[,t£) be a BsS of a BS (X,t 1 ,t 2 ) and n 
denote a nonnegative integer. Then 

(1) (i, j)-dim(F,X) = -1 if and only if Y = 0. 

(2) (i, j)-dim(Y, X) < n if every family U = {U s } seS C r, for which 
there is a family of sets T = {F t } teT C co rj which refines 
IA, can be refined by a family V = {K}re-R C 7* such that 
the family ^ also refines the family V and ord{(j, i)-Frx V r fl 

(3) (i,j)-dim(Y,X) = n if (i, j)-dim(F, X) < n and 
(i, j)-dim(Y, X) < n — 1 is false. 

(4) (i, j)-dim(Y, X) = oo if (i, j)-dim(Y, X) < n is false for all n. 

As usual, 

p - dim(F, X) < n<^> ((1, 2)-dim(Y, X) < n A (2, l)-dim(F, X) < n) . 
Clearly, for the topological case we have 

Definition 11.2. Let (Y, r') be a TsS of a TS (X, r) and n denote 
a nonnegative integer. Then 

(1) dim(F, X) = -1 if and only if Y = 0. 

(2) dim(Y, X) < n if every family W = {U s } se ,s C r for which there 
is a family of sets J 7 = {-Fj}teT C cor' which refines U, can be 
refined by a family V = {V r } r eR C r such that the family J 7 
also refines V and ord{Frx V r fl F} reR < n. 

(3) dim(F, X) = n if dim(Y, X) < n and dim(Y, X) < n — 1 is false. 

(4) dim(F, X) = oo if dim(Y, X) < n is false for all n. 

Proposition 11.3. // (Y, rf, rf ) C (Fi,rf,r^) C (X^r^) C 
(X, Ti, r 2 ) ; F G co rj' and Xi G r i; i/ien 

(i,i)-dim(y,x) < (i^-dim^xo. 

Proof. We shall use the induction under a nonnegative integer n = 
(i, j)-dim(Y"i, Xi). Let us suppose that the inequality is proved for 
n < k — 1 and prove it for n = k. If U = {U s } se s C ^ is a family 
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for which there is a family of sets J- = {F t }teT C co rj" which refines 
U, then it is evident that hi fl Xi = {U s fl Xx} se5 C r/ is a family of 
subsets of X\ such that the family J- also refines Wflli. It follows 
from F G co rj' that J- C co rj' and since (i, j)-dim(Y 1 , Xx) = fc, there 
is a family V = {V r } re R C r/ such that T refines V, V refines UC\Xi 
and ord{(j, i)-Fr Xl V r fl Y"i} rejR < fc. Since F C Y"i C X 1 C X, it is 
clear, that 

(j, i)-Fr Xl V r n Y 1 = (j, z)-Fi x V r n Fx 

and 

(j, *)-Fr x K n F C (j, i)-Fr x V r fl F 

for each r G R. Besides, V also refines Vi, X 1 G implies that V C r, 
and 

ord{(j,0-Fr x F r nF} rei? < 
< ord { (j, i)-Fr x V r fl F } re/? = ord { (j, i)-Fr Xl nF}^ < fc. 

Thus (ij)-dim(F, X) < k so that (ij)-dim(F, X) < (i,j)-dim(F, X x ). □ 

Corollary 11.4. // (F, r'") C (F,r") C (Xx,r') C (X,r) ; F G 
cor" and X 1 G r, £/ien dim(F,X) < dim(F 1 ,X 1 ). 

Corollary 11.5. If{Z,r?,T%) C (Y,t[,t' 2 ) C (X,n,r 2 ) and Y G r i; 
£/ien (i,j)-dim(Z,X)<(i,j)-dim(Z,Y) (the anti-monotonicity of 
the relative bitopological covering dimension functions). 

If, in addition, Z EcoTj,then (i, j)- dim(Z,X) <(i,j)- dim Y , where 
(i,j)-dimY is considered in the sense of Definition 3.3.1 in [8]. 

Proof. For the first inequality let us suppose in Proposition 11.3 that 
F = Fx = Z and X 1 = F, and for the second inequality - that F = Z 
and Y 1 — X 1 — Y. □ 

Corollary 11.6. If (Z,t") C (F, r') C (X, r) and F G r, toen 
dim(Z, X) < dim(Z, F) (the anti-monotonicity of the relative 
topological covering dimension). 

If, in addition, Z G cor', then dim(Z, X) < dimF. 

Theorem 11.7. The equalities (i, j)-dim(F, X) = and 
(i, j)-Ind(F, X) = are equivalent for every BsS (Y,t[,t£) of a BS 
(X, Ti, r 2 ) and either of them yields the (i, j)-supernormality ofY in X 
together with other notions of relative bitopological normality. 

Proof. We begin by assuming that (i, j)-dim(F, X) = for a BsS F of 
aBSX. Let Ae co rj and U( A) en. Since (i, j)- dim(F, X) = 0, there is 
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V(A) G n such that FcV(A) C U(A) and ord ((j, i)-Fi x V(A) DY) <0. 
Hence (j, i)-Fr x n F = and by Remark 8.2, (i,j)-lnd(Y,X)=0. 

Conversely, let (i, j)-lnd(Y, X) — 0, XA. — {U s } s< zs C and = 
{Ft}teT C corj be families such that i^( s ) C C/ s for each s G S. Since 
(i, j)-Ind(F, X) = 0, for each s G S there Vj G 7* such that F t ( s ) C V S C 
TjClV^ C C/ s (i.e., the family V = {Vg} s6 s refines 14. and ^ refines V) 
and (j, i)-Fr x V s nY = 0. Hence, 

OTd{(j,i)-FT X V s nY} seS = -l 

so that (i,j)-dim(F,X)<0. But Y ^ and so (i, j)- dim(Y, X) = 0. □ 

For the rest see the notice between Definition 8.1 and Remark 8.2. 

Corollary 11.8. The equalities dim(F,X) = and Ind(Y,X) = 
are equivalent for every TsS (Y, r') of a TS (X, r) and either of them 
yields the supernormality of Y in X together with other notions of 
relative topological normality. 

Corollary 11.9. The following conditions are satisfied for any BsS 
(Y,t[,t£ ofaBS (X, 71,72): 

(1) p-dim(Y,X) = •<=>- p-Ind(Y,X) and either of them yields 
the p-supernormality of Y in X together with other notions of 
relative bitopological "absolute" normality. 

(2) If{Y,r[,T^) is oj'-Ti BsS of a BS (X,n,r 2 ) ; then 

(i, j) - dim(y, X) = ( ^ (i, j) -Ind(y, X) = 0) =}► (i, j ) -ind(F, X) = 
so that if (Y,t[,t£) is a R-p-T 1 BsS of a BS (X, r 1 ,r 2 ), then 
p - dim(Y, X) = ( <=^> p -Ind(F, X) = 0) =>• p -ind(Y, X) = 0. 

Proof. Follows directly from Theorem 11.7 and Proposition 8.4. □ 
Corollary 11.10. If {Y,t') is oTi TsS o/ a TS (X,r) ; £/ien 
dim(Y, X) = ( Ind(Y, X) = 0) =^ ind(F, X) = 0. 

Corollary 11.11. If {Y,t[,t£) is a (j,i)-WS-supernormal BsS of 
a BS (X, 71,72) and Y is (i, j)-extremally disconnected in X, then 
(2,j)-dim(F,X) = 0. 

Proof. The condition is an immediate consequence of Theorem 11.7 
and Proposition 8.11. □ 

Corollary 11.12. If(Y,r') is WS- supernormal TsS of a TS (X, r) 

and Y is extremally disconnected in X, then dim(Y,X) = 0. 
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In the last Section 12 we introduce and study relative versions of 
Baire spaces for both the topological and the bitopological case. 

12. Relative Baire Spaces and Relative (i, j)-Baire Spaces 

A TS (X, r) is said to have the Baire property if any first category 
subset of X has an empty interior in (X, r) and a Baire space is a TS 
such that every nonempty open set is of second category. A brief but 
cognitive story of the origin and development of the theory of Baire 
spaces as well as of its applications can be found in [15]. Most of the 
results on Baire spaces are stated in [12]. The bitopological versions of 
Baire spaces are introduced and studied, in particular, in [7], [8] and 

[!]■ 

Definition 12.1. Let (Y,t[,t^) be a BsS of a BS (X,t 1 ,t 2 ). Then 
a subset A C X is said to be (i, j)-nowhere dense ((i, j)-somewhere 
dense) relative to Y if t[ int(r i cl A n Y) = (r/ int(r j c\Af]Y)^0). 

The families of all subsets of X which are (i, j)-nowhere dense 
somewhere dense) relative to Y are denoted by (i, j)-MV(Y, X) 
((i,j)-SV(Y,X)). 

The bitopological counterparts of these families are introduced and 
studied in [8]. 

Definition 12.2. Let (Y, r') be a TsS of a TS (X, r). Then a subset 
A C X is said to be nowhere dense (somewhere dense) relative to Y if 
r'int(rclAnF) = (r'int(r cl A n Y) ^ 0). 

The family of all subsets of X which are nowhere dense (somewhere 
dense) relative to Y is denoted by MV(Y,X) (SV(Y,X)). 
Of considerable importance later on is 

Proposition 12.3. For a BsS (Y, r^r^) of a BS (X, Ti,r 2 ) and a 
subset A C X the following conditions are satisfied: 

(1) A G (i,j)-AfV(Y,X) if and only if 

TjdADY C t[c\ (Y\(T jC \Af]Y)). 

(2) If Ae {i,])-UV{Y,X), then for any set U' G (r[ n r^) \ {0} 
^/iere a set V G Tj\{0} snc/i that VnY C C/' and VnA = 0. 

(3) If for any set U' G r,' \ {0} there is a set V G Tj \ {0} such 
that V n Y C [/' and \/ n A = ; t/zen A G (i, j)-A/"P(F, X). 

Proo/. (1) If A G (i,j)-A/'£>(r,X), then 



Y = Y\ r/int^ cl A n F) = r/cl (F \ (r,- cl A n F)) 
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and, conversely, if 

TjdAHYc t[ cl (Y \ fadAnY)) —Y\ t[ int fa dAflY), 

then 

= fa cl A n Y) n r- int fa dAnY) = r[ int fa dAr\Y). 

(2) If A G {i,])-UV{Y,X) and U' G fa n r£) \ {0} is an arbitrary 
set, then U' \ fa cl A fl F) 7^ 0, since the contrary means that 

= [/' n (x \ fa dAn F)) = [/' n (F \ fa cl A n F)), 

i.e., 

= [/' nr/cl (F\ (rj clAn F)) = U' \ = £/'. 
Let V = U \ Tj cl A, where U C\Y — U' , U G r 3 -. Then 

7ny = (u\ TjdA) nF = [/' \ fa clAnF) c u' 

and V f] A = 0. 

(3) If AG(i,j)-^(F,X), i.e., if r'AntfadA n F) ^ 0, then for 
any set F G r,- \ {0} such that F n F C r/int(r j cl A n F), we have 
VflFc fa dAn Y) so that V n Tj d A ^ 0. Hence Vni^0. □ 

Corollary 12.4. // (Y,r[ < t£ is a BsS of a BS (X,n < r 2 ), toen 
t/je following conditions are satisfied: 

(!) (2, 1)-A/"£>(F,X) c 1-A/"£>(F,X) 

n n 

2-tfV(Y,X) C (1,2)-ATP(F,X) 

and /ience 

(1,2)-<S£>(F,X) C 1-S£>(F,X) 

n n 

2-SV(Y,X) C (2, 1)-S£>(F,X). 

(2) A G (l,2)-jVP(y,X) i/ and only if for each set U' G t[\ {0} 
there is a set V G r 2 \{0} such that VnY C [/' and VnA = 0. 

(3) If A G (2, 1)-A/"£>(F,X) ; then for any setU' G r£\{0} snc/i that 
t[ int C/' 7^ t/iere is a set V G Ti \ {0} such that VnY CU' 
and V n A = 0. 

(4) If for any set U' G r 2 \ {0} t/iere zs a set F G n \ {0} stic/i 
too* F n F C C/' and V n A = 0, t/ien A G (2, l)-AfV(Y, X). 

Proof. (1) The inclusions are evident. 

(2) The condition is an immediate consequence of (2) and (3) of 
Proposition 12.3. 
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(3) Let U' G t' 2 \ {0} and t[ int U' ^ 0. Then t[ int U' \ (n cl A n 
F) 7^ 0, since the contrary means that 

= t[ int C/' n (y \ t[ int(rx cl A n Y)) = 

= t[ int U' \ t[ int(ri cl A n F) = r{ int [/' \ = r[ int [/', 

where the equality t[ int(ri cl A fl Y) = is conditioned by inclusion 
(2, l)-AfV(Y, X) C l-A/"£>(y,X). Now, it is clear that the set V = 
W\t\ c\(A n y), where W G n, W n y = t{ int [/', is the required set. 

(4) Follows directly from (3) of Proposition 12.3. □ 

Corollary 12.5. // (Y,t') is a TsS of a TS (X,r) ; then A G 
AfV(Y,X) if and only if for any set U' G r' \ {0} t/iere is a set 
V G r \ {0} snc/i too* Vn7c(/' and V n A = 0. 

Definition 12.6. Let (y,r(,r^) be a BsS of a BS (X,ti,t 2 ). Then 
a subset A C X is said to be (i, j)-boundary ((«, j)-dense) relative to 
y if r/ int fa int A n Y) = fa clfa c\AC\Y) = Y). 

The families of all subsets of X which are (i, j)-boundary 
dense) relative to Y are denoted by (i, j)-Bd(Y, X) ((i, j)-V(X, Y)). 
Evidently 

r- int fa int A n y) = Y = Y\t[ int fa int AnY) = 
= t[ cl (y \ fa int Any)) = t[ cl ((X \ rj int A) n 7) = 
= r;cl (r, cl(X \ A) n y) 

so that A G (i, j)-Bd(yX) ^X\Ae (i,j)-V(Y,X). 

Definition 12.7. Let (Y, t') be a TsS of a TS (X, r). Then a subset 
A C X is said to be boundary (dense) relative to Y if r int A fl Y = 

(rciAny = y). 

The family of all subsets of X which are boundary (dense) relative 
to y is denoted by Bd(Y,X) (V(Y,X)). Clearly, A G Bd(Y,X) 

x\ a g £>(yx). 

Remark 12.8. In contrast to the usual case, when A G J\fV(X) -<=>- 
tc\A G £d(X), for the relative case A G AfV(Y,X) =>• rclA G 
Bd(Y, X), but not conversely as shows the following elementary ex- 
ample: X = {a, 6, c, d, e, /}, r = {0, {a}, {a, 6}, {c, d, e}, {a, c, d, e}, 
{a, b, c, d, e}, {a, c, d, e, /}, X}, Y = {/} and A = {a, 6}. Then r cl A G 
£d(y,X), but AeAfV(Y,X). 

The following simple but useful notions are employed frequently be- 
low. 
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Definition 12.9. Let (Y,t{,t£ be a BsS of a BS (X,t 1 ,t 2 ). Then 
a subset A C X is i-strongly boundary (i-strongly dense) relative to Y 

if r/int(Anr) = (r|d(Any) = y). 

The families of all subsets of X which are i-strongly boundary 
(i-strongly dense) relative to Y are denoted by i-sBd(Y,X) (i-sV(Y,X)). 
Therefore, 

A G i-sBd(Y, X) Af]Y G i-Bd(Y), 
A G i-sV(Y, X) A n Y e i-V(Y), 
A G {i,j)-MV{Y,X) rj cl A G i-s£d(Y,X) 

and 

(i,j)-MV(Y,X) c i-s£d(Y,X) c (i,j)-Bd(Y,X). 
Hence, if (Y, r') is a TsS of a TS (X, r), then 

a g s£d(y, i)^AnrG #d(y), 

A G s£>(Y, X) A n Y g p(y), 

A G A/"£>(Y, X) r cl A G s£d(Y, X) 

and AfV(Y,X) C s£d(Y,X) C Bd(Y,X). 

Proposition 12.10. // (Y, r[ < t' 2 ) is a BsS of a BS (X,ri < r 2 ), 
A G j-s£d(Y,X) andBG (i,j)-AfV(Y,X), then AUB G l-sBd(Y,X). 

Proof. Since rj cl(£> fl Y) C Tj cl S D Y, we have 

Y \ (rj c\Bf]Y) = t'- cl(Y \(An Y)) \ (r,- cl5 n Y) C 
C rj cl(Y \ (An Y)) \ rj cl(£ n Y) C cl(Y \(iU 5)). 

Since 5 G (i,j)-NV(Y,X), by (2) of Lemma 0.2.1 in [8], 

Y = Y\ t[ int(rj cl S n Y) = 

= 7-; cl (Y \ (rj cl 5 n Y)) C cl rj cl(Y \(iU 5)) = 

= t[ cl(Y \(AU B)) = t[ cl ((Y \(AUB)fl Y)) . 

Thus r( int((A U B) n Y) = 0, i.e., A U 5 G l-s£d(Y, X). □ 

Corollary 12.11. // (Y, r') is a TsS o/aTS (X,r) ; A G s£d(Y,X) 
and B eUV(Y,X), then AU B G sBd(Y,X). 

Corollary 12.12. // (Y, r{ < t' 2 ) is a BsS o/ a BS (X,Ti < r 2 ) and 
A G 2-sBd(Y,X) ; £/ien AU B e l-sBd(Y,X) if anyone of the following 
conditions is satisfied: 

(1) B G (2, 1)-A/"£>(Y,X). 

(2) 5 G 1-A/"£>(Y,X). 

(3) B G 2-A/"D(Y,X). 
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(4) B e (l,2)-AfV(Y,X). 

Proof. Follows directly from Proposition 12.10 taking into account (1) 
of Corollary 12.4. □ 

Corollary 12.13. For a BsS (Y, t[ < t' 2 ) of a BS (X,n < r 2 ) the 
following conditions are satisfied: 

(1) A, Bei-MV(Y,X)^AUBei-MV(Y,X)c(l,2)-AfV(Y,X). 

(2) A e l-AfV(Y,X), B e (2,l)-AfV(Y,X) =>■ A U B G 

1- AfV(Y,X) c (l,2)-AfV(Y,X). 

(3) A G 2-MV{Y,X), B G (l,2)-J\fV(Y,X) =>- A U B G 
(l,2)-AfV(Y,X). 

(A) A G 2-AfV(Y,X), B G (2,l)-AfV(Y, X) =>- A Li B G 

2- NV(Y,X) c (l,2)-AfV(Y,X). 

(5) A, B G (2,1)-MV(Y,X) AUB G (2, l)-jVX>(y, X) C 
l-Arp(F,X)n2-Arp(F,X) c (l,2)-AfV(Y,X). 

(6) A G (2,l)-jVP(y,X), B G (l,2)-jVP(y,X) =4AU5G 

(i,2)-jVP(y,x). 

Proof. (1) A G i-J\fV(Y,X) =>• r iC lA G i-sBd(yX) and £ G 
irMV{Y,X) =>• Tj cl i? G irNV{Y,X). Hence, by Corollary 12.11, 
Tj cl AUTi c\B = Ti c\(A\jB) G i-sBd{Y, X) so that G i-NV(Y, X). 
The inclusion follows from (1) of Corollary 12.4. 

(2) By (1) of Corollary 12.4, (2, l)-MV{Y, X) C 1-NV(Y,X) and 
hence, it remains to use (1) above for i — 1. 

(3) A G 2-AfV(Y,X) =>> t 2 c\A G 2-sBd(Y,X) and B G 
(l,2)-jVP(y,X) =>- T2C15 G (l,2)-A/"£>(y,X). Therefore, by (4) it 
Corollary 12.12, r 2 cl A U r 2 cl B = r 2 d(A U B) G l-s#d(y X) so that 

Aufle (i,2)-jV£>(y,x). 

(4) By (1) of Corollary 12.4, (2, l)-AfV{Y, X) C 2-AfV(Y,X) and 
thus, it remains to use (1) above for % = 2. 

(5) We have r^mt(ncM n Y) = = T^mt(ncl.B n Y). Then 
r lC \A G 2-sBd(Y,X) and (2) of Lemma 0.2.1 in [8], t' 2 int (r 2 cl n cl 5 n 
y) = int(ri cl B n y) = so that ncl.Be 2-NV(Y, X). Hence, by 
Corollary 12.11, n cl A U n cl 5 G 2-si3d(y,X). Since n cl A U n cl B = 
n cl(A U B) G co n, we have A U 5 G (2, l)-jV£>(y, X). 

The rest follows from (1) of Corollary 12.4. 

(6) Follows directly from (3) above and (1) of Corollary 12.4. □ 

Definition 12.14. Let {Y,t[,t^) be a BsS of a BS (X,t 1 ,t 2 ). Then 
a subset A C X is said to be an i-jF CT -set (*-£?<$-set) relative to Y, if 
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oo oo 

A = (J A n (A = P| A n ) and A n n Y e cot{ (A n n Y e r/) for each 

n=l ra=l 
n = 1, OO. 

The families of all subsets of X which are i-T a (i-Gs) relative to Y, 
are denoted by i-F a (Y,X) (i-g s (Y,X)). 

Therefore, A G i-F a {Y, X) AnY G i-F a {Y) and 

A e i-G s (Y, X)^AnYe i-Q s {Y). 

It is evident that i-T a {X) C i-JF^X) C i-g s {Y,X)) for 

any F C X and 

A G i-J~ -j{Yj X)^X\Ae t-Q 5 (Y, X). 

The topological case is obvious and the notions above are of inde- 
pendent interest which is not our objective at the present time. Note 
only here, that by analogy with Lemma 2.21 one can prove that if 
(F, Ti,t 2 ) C (X, Ti,r 2 ), F is ]9-supernormal in X, P G 1-JF CT (F, X), 
Q G 2-F a (Y, X) and (n cl P n (?) U (P n r 2 cl Q) = 0, then there are 
disjoint sets U G r 2 , F G n such that P n F C £/, QnFcF. 

Definition 12.15. Let (F,r{,r^) be a BsS of a BS (X,n,r 2 ). Then 
a subset A C I is said to be of j)-first category (also called 

oo 

meager, (i, j)-exhaustible) relative to F if A = \J A n , where A n G 

71=1 

(i,j)-AfV(Y,X) for each n = 1, oo, and A is said to be of (i, j)-second 
category (also called (i, j)-nonmeager, (i, j)-inexhaustible) relative to 
F if it is not of (i, j)-first category relative to F. 

A subset A C X is said to be of (i,j)-first category in itself relative 

oo 

to F if A = U A n , where A n G (i,j)-AfV(Y H A, A) for each n = 1, oo 

n=l 

and hence, A is of (2, j)-second category in itself relative to F if it is 
not of (i, j)-first category in itself relative to F. 

The families of all subsets of X which are of (i, j)-first ((i, j)-second) 
categories relative to F, are denoted by {i,j)-Catg l {Y,X) 
((i,j)-Catg u (Y,X)), while 

A G (2, jKatfc (F n A, A) (AG (i, j)-Ca^ n (F nA,A)) 

is abbreviated to A is of (i, j)-Catg Y I ((i, j)-Catg Y II). 
Clearly 

(i,j)-MV(Y,X) C (i, j)-Ca^(F,X) = 2 X \ (i, j)-Catg u (Y, X). 
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Now, if (Y, t') is a TsS of a TS (X, r) and id, then A G Cata, ( Y, X) 4 

oo 

A = [j A n , where A n G AfV(Y, X) for each n = 1, oo and Catg n (Y, X) = 

n=l 

2 x \Cat gi (Y,X). Therefore, A G Catg^YnA, A) (A G Catg n (YnA, A)) 
is abbreviated to A is of Catg Y I (Catg Y II). 

Theorem 12.16. For a BsS {Y,t[,t£ of a BS (X,t u t 2 ) the fol- 
lowing conditions are satisfied: 

(1) The families (i, ^-Catg^Y, X) are a-ideals so that if A n G 
(i, ^-Catg^Y, X) for each n — l,oo ; then 

oo 

\jA n e(i,j)-Cat gi (Y,X), 

71=1 

andifBe(i,j)-Catg 1 (Y,X), AcB, then Ae(i,j)-Catg l (Y,X). 

oo 

(2) If A = [j A n e j-FviX) and A n G i-sBd(Y,X) /or eacn n = 

n=l 

1, oo ; then A G (i, j)-Catg I (Y, X). 

(3) For every sei A G (i, j)-Catg I (Y, X) there is a set B G ,7'-.7v(X)n 
(i, j)-Catg I (Y, X) such that Ad B. 

(4) The families (i, j)-Catg u (Y, X) are closed under arbitrary unions 
and A G (i, j)-Catg u (Y, X) , A C B imply that B G 
('•./K'"/.'/ 0'..Y). 

(5) //X is of (i^j)-Catgyll and for any subset A C X i/zere is a set 

oo 

5 C A such that B = f] B n G J-^(X) and B n G i-s£>(Y,X) 

n=l 

for each n = 1, oo ; inen A G (i,j)-Catg u (Y,X). 

(6) X is o/ (i, j)-Catg Y II i/ and on/y i/ the intersection of any se- 
quence {A n }^ l7 where A n G TjCii-sViY, X) for eachn = 1, oo, 
is nonempty. 

Moreover, for a BsS (Y, t[ < t' 2 ) of a BS (X, T\ < r 2 ) we nave 

( 7 ) (2,l)-Cat 0l (Y,X) C l-Ca^(Y,X) 

n n 

2-Cat 0l (Y,X) C (l,2)-Ca^(Y,X) 
and hence, 

(l,2)-Catg u (Y,X) C l-Cata n (Y, X) 

n n 

2-Cata n (F,X) C (2, l)-Catg u (Y, X) 

Proof. The conditions (1) and (4) are obvious, (7) follows directly from 
(1) of Corollary 12.4. 
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oo 

(2) Let A = |J A n G j-J 7 a (X), i.e., A n G cot.,- for each n — 1, oo. By 

n=l 

condition r/ int(A n fl F) = so that r/ int(rj cl A„ fl F) = and thus, 
A n G (i,j)-J\fV(Y,X) for each n = 1, oo. Hence A G (ijyCatg^X). 

oo 

(3) Let A G (?,j)-Cat^(F,X). Then A = [j A n , where A n G 

n=l 

(i, j)-AfV(Y : X) for each n = l,oo. But A n G (i, j)-AfV(Y : X) implies 

oo 

that Tj cl A n G (i, j)-AfV(Y, X) for each n = 1, oo. Let B = \J tj cl A n . 

n=l 

Then Ac5 and 5 G j-F a {X) n (i, fi-Catg^Y, X). 

oo 

(5) Let A C X be any subset and B G A, where -B = f| S n G 

71=1 

j-Gs{X), i.e., _B n G Tj for each n = l,oo. By condition B n fl F G 
i-T>(Y) so that F„ = F \ £?„ G i-Bd(Y) for each n = l,oo. Since 

oo 

X \ £ = (J (X \ B n ) G j-J^X) and (X \ B n ) f]Y — Y \ B n , we have 

n=l 

= r[ int(y \ S n ) = < int((X \ S n ) n Y) = t[ mt(r,- cl(X \ S n ) fl F) 

and so (X \ S n ) G [i,j)-MV{Y, X) for each n = Loo. Hence X \ B G 
(ijyCatg^X). But B C A implies X \ A C X \ B and by (1), 
X \ A G (ijyCatg^X). Then A G (i, j)-Catg u (Y, X) since, by 
virtue of (1), the contrary means that X is of Catg Y I. 

(6) First, let {Ai}t£Li be a sequence of subsets of X such that A n G 

oo 

Tj fl i-sV(Y, X) for each n = 1, oo and f] A n = 0. Then 

n=l 

oo oo 

X = X\f|A n = |J(*\A0, 

n=l n=l 

where X \ A n G coTj fl i-sBd(Y, X) for each n = 1, oo. Hence, by (2), 
X is of (i, j)-Catg Y I. 

Conversely, if X is of (i, j)-Catg Y I, then by (3), X G j-J 7 a (X), i.e., 

oo 

X = (J F n , where F n G co Tj fl i-sBd(Y, X) for each n = 1, oo. Let us 

n=l 

consider the sequence {X \ F n }^ =1 , where X \ F n G Tj fl i-sV(Y, X) for 

oo 

each n = 1, oo. It is clear that C) (X \ F n ) = 0. □ 

n=l 

Corollary 12.17. For a TS (F, r') o/ a TS (X, r) toe following 
conditions are satisfied: 

(1) The family Catg^Y, X) is a a -ideal. 
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oo 

(2) If A — U A n G F a {X) and A n G sBdiY, X) for each n = 1, oo ; 

71=1 

then A G Catg^X). 

(3) For every set A G Catg^YjX) there is a set B G .Tv(X) H 
Catg^Y^X) such that Ad B. 

(4) Tne family Catg u (Y,X) is closed under arbitrary unions and 
A G Catg n (Y,X), Ac B imply that B G Catg u (Y,X). 

(5) If X is of Catg Y II and for any subset A C X there is a set 

oo 

B C A such that B = f| B n G £ 5 (X) and 5 n G s£>(y X) /or 

71=1 

each n = 1, oo, then A G Catg u (Y,X). 

(6) X is of Catg Y II if and only if the intersection of any sequence 
{A n }™ =1 , where A n G r n sV{Y,X) for each n = 1, oo, is 
nonempty. 

Corollary 12.18. If(Y,r[,T^) is a BsS of a BS (X,r 1 ,r 2 ), X is of 

oo 

(i,j)-Catg Y U, A = f| A n G j-Qs{X) and A n G i-sD(yX) /or eacn 

n=l 

n = l,oo ; then A G (i,j)-Catg u (Y,X). 

Proof. Follows directly from (5) of Theorem 12.16 for B = A. □ 
Corollary 12.19. If(Y, t') is a TsS of a TS (X, r), X is ofCatg Y II, 

oo 

A = P| A n G ^(X) and A n G sX>(Y, X) /or each n = l,oo, then 

n=l 

A G Catg u (Y,X). 

Corollary 12.20. // (Y, n < r^) a BsS o/ a BS (X, n < r 2 ) and 

oo 

X o/ (1, 2)-Catg Y II, then for A = f] A n we have: 

n=l 

A n G n n 2-sX>(y, X) A n G r 2 n 2-sX>(y, X) 

V V 

A n Grinl-sP(yX)==>A n GT 2 nl-sP(yX)^^^G(l,2)-Cato n (yX). 



Proof. Follows directly from Corollary 12.18 and the inclusion 

Ti C r 2 . □ 

Definition 12.21. A BsS (Y,t[,t^) of a BS (A",ti,t 2 ) is (i,j)-quasi 
regular in X if for any set U' G r[ \ {0} there is a set V G Tj \ {0} 
such that rjcl(yny) C U' . 
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Theorem 12.22. // a BsS (Y,n < t' 2 ) of a BS (X, n < r 2 ) 

is (2, l)-quasi regular in X and 1-compact, then {2,\)-Catg l {Y, X) C 
2-s#d(Y,X). 

oo 

Proo/. Let A G (2, lj-CaiQ^Y, X) be any set. Then A = [j A n , where 

n=l 

A n G (2, 1)-.A/'X>(Y,X)(<^ r^int(TiclA n ny) = 0) for each n = T^oo. 
We shall prove that r 2 mt(A(~)Y) = 0. Clearly, it suffices to prove that 
for any set V G t 2 \ {0} we have V n (Y \ A) ^ 0. Suppose that 
V G T2 \ {0} is an arbitrary set. Then V \ (ri cl A x fl Y) 7^ since 
the contrary means that V C T\ cl A x fl Y which is impossible since 
t 2 int(ri cl A ± fl Y) = 0. By condition, there is U\ G r 2 \ {0} such that 

r{ ci(c/! n y) c y \ cl a n y) 

so that r{ cl(C/i n Y) C V and r{ cl(C/i n y) n A 1 = 0. By analogy, 
there is U 2 G r 2 \ {0} such that 

r{ ci(c/ 2 n^c^nrcrl c^c/i n y) 

and t[ c\(U 2 C\Y) (1 A 2 = 0. Therefore, one can construct a sequence 

{U n }™ =1 Ct 2 \ {0} such that r[ c\(U n n Y) C C/ n _i and t[ c\{U n H Y) n 

00 

A n = 0. Now, y is 1-compact implies that f] t[ c\(U n fl Y) 7^ 0, 

n=l 

i.e., there is a point x G t[ c\(U n fl Y) for each n = 1, 00. Therefore, 

00 

x eV \ (J A n = V \ A so that V fl (I \ A) ^ and since RY, 

n=l 

y n (y \ A) ^ 0. □ 

Corollary 12.23. // a TsS (Y, r') of a TS (X, r) is gnasz regular in 
X and compact, then Catg^Y, X) C s£>d(Y, X). 

Theorem 12.24. For a BsS (y,r{,r^) 0/ a BS (X,n,r 2 ) £/ie /oZ- 
lowing conditions are equivalent: 

(1) Uer i \{0}^Ue(i,j)-Catg n (Y,X). 

(2) //{C/n}^! a countable family of subsets of X such that U n G 

00 

Tj fl i-sT>(Y, X) for each n = 1, oo ; i/ien C| £/„ G i-T>(X). 

n=l 

(3) A G (i,j)-Catg I (Y,X) =>- X \ A G i-P(X). 

(4) //" {F n }^Li zs a countable family of subsets of X such that F n G 

00 

cor, fl i-sBd(Y, X) /or eac/i n = 1, oo, then |J F n G i-Bd(X). 

n=l 

Proof. (1) =>- (2). Let {U n }™ =1 C 2 X , where U n G r,- n i-s£>(Y, X) for 
each n = 1, 00. Then X \ U n & co Tj fl i-sBd(Y, X) for each n = 1, 00 
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and so 

oo oo 

V = X\ f)U n = \J(X\U n ) G (i,j)-Cat 9l (Y,X) 

n=l n=l 

oo 

as X \ U n G (i,j)-AfV(Y,X) for each n = l,oo. If f| U n ei-V(X), 

n=l 

oo 

then there is U G n \ {0} such that Un f] U n = 0. 

n=l 

oo 

Hence U C X \ f| U n = V and since V G (i, fi-Catg^Y, X), by (1) 

n=l 

of Theorem 12.16, U G (iJj-Catg^X). 

(2) => (3). Let A G (i,j)-Ca^(y,X). Then, by (3) of Theo- 
rem 12.16, there is a set B G j-J r a (X) n (i, jyCatg^Y, X) such that 

oo 

icB. Therefore 5 = (J S n , where 5 n G co r 3 - ni-s#d(Y, X) for each 

n=l 

oo 

n = 1, oo, and X \ B = f](X\B n ). Clearly X \ B n G Tj H i-s£>(Y, X) 

n=l 

for each n = 1, oo and by (2), X \ B G i-V(X). Now, it is evident that 
X\Aei-D(4 

oo 

(3) => (4). If F = jj F n , where F n G cor^- n i-sBd(Y,X) for 

n=l ' 

each n — l,oo, then F n G (i, j)-AfV(Y, X) for each n = l,oo and 
so F G {ijyCatg^X). Hence, by (3), X \ F G i-V(X) and thus 
F G i-Bd(X). 

(4) =>• (1). Let f/ G (r< \ {0}) fl (i, j)-Cat 9l {Y, X). Then [/ = 

oo 

U C/ n , where C/ n G («, j)-J\fV(Y, X) for each n = l,oo. Therefore, 

n=l 

oo 

Tjc\U n G (i,j)-AfV(Y,X) for each n = l,oo and so \J TjdU n G 

71=1 

(iijyCatg^Y, X). But {t^ cl L^}^ is a countable family, where 
TjdU n G cor,- fl i-sBd(Y, X) for each n = 1, oo. Therefore, by (4), 

oo 

Tj int (J Tj c\U n = and hence, 

n=l 

oo oo 

= (J £4 C r< int (J cl C/ n 

n=l n=l 

implies that U — 0. A contradiction. □ 

Corollary 12.25. For a TsS (Y, r') o/ a TS (X, r) toe following 
conditions are equivalent: 

(1) C/Gr\{0}^C/GCa^ n (Y,X). 
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(2) If {Un\™ =l is a countable family of subsets of X such that U n G 

oo 

r n s-V(Y, X) for each n = 1, oo ; then f| U n G 

(3) A G Cat gi (Y,X) =>. X\ A G V(X). 

(4) 7/{F n }^L 1 zs a countable family of subsets of X such that F n G 

oo 

cor fl s-Bd(Y,X) for each n = l,oo, then [j F n G £>d(X). 

n=l 

Definition 12.26. A BsS {Y,t[,t' 2 ) (TsS (Y,t')) of a BS (X,t u t 2 ) 
(TS (X, r)) is a almost (i,j)-Baire space (almost Baire space) in X 
(briefly, Y is an A-(i,j)-BrS in X (Y is an A-BrS in X)) if anyone of 
the equivalent conditions (l)-(4) of Theorem 12.24 (Corollary 12.25) 
is satisfied. 

Definition 12.27. A BsS (Y,r{,^) (TsS (Y,t')) of a BS (X,r 1 ,r 2 ) 
(TS (X, r)) is an (i, j)-Baire space (Baire space) in X (briefly, Y is an 
(i,j)-BrS in X (Y is a BrS in X)) if [/ G Ti\{0} (C/ G r\{0>) implies 
that C/ is of (i,j)-Catg Y II (Catg Y II). 

Lemma 12.28. If (Y,t[,t!,) is a BsS o/ a BS (X,n,T 2 ) and U G 
Tj \ {0}, then 

(1) [/ of (i, j)-Catg Y ll implies that U G (i, j)-Catg u (Y, X). 
i/, m addition, T\ C t 2 , Y E 2-V(X) and U G T\ \ {0}, i/ien 

(2) U is of (1,2) -Catg Y II [/ G (1, 2)-Catg u (Y, X). 

Proof. (1) Let C/ be of (i,j)-Catg Y II and [/ G (i, j)-Cat gi (Y, X). Then 

oo 

[/ = \J U n , where r/ int (tj cl C/„ n Y) = 0, i.e., t/ n G (i,j)-AfV(Y,X) 

n=l 

for each n = 1, oo. Since (Y n 17, rf , rf ) C ([/, rf , t£) C (X, n, r 2 ), we 
have rf int(rj' cl C/ n n (U D Y)) = 0, i.e., C/ n G (i,j)-tfV(Y n £/, C/) for 
each n = 1, oo so that C/ is of (i, j)-Catg Y I. 

(2) By (1), it suffices to prove the implication from the right to 
the left, i.e., C/ is of (l,2)-Catg Y l implies that C/ G (1, 2)-Cat gi (Y, X), 
where C/ is of (1, 2)-Cat# y I -<=>- U G (1, 2)-Cat^(Y n £/, £/). 

oo 

Since [/ G (1, 2)-Catg l (Y n [/, [/), we have £7 = |J 4, where A„ G 

n=l 

(1, 2)-AfV(Y n [/, 17) for each n = 1, oo. 

Let V G t{\{0} be any set. If YW = 0, i.e., V'n(YnU) = 0, then 
V n cl(Y n U) = as Y' G r{ C r^, so that V n r 2 cl(Y n £/) = 0. 
Let V = W \ r 2 cl U, where VY G n C r 2 and PY n Y = Y'. Since 
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Y G 2-V(X), we have r 2 cl U = r 2 d(U n Y) and so 

v n y = (w \ t 2 ci u) n y = V \ r 2 ci u = V \ r 2 ci(z/ n y) = V. 

Since V D r 2 cl [/ = 0, we have V C\ A n = and by (3) of Propo- 
sition 12.3, A n G (l,2)-A/"£>(y,X) for each n = TToo. Thus U G 
(l,2)-Ca^(y,X). 

Now, let V e r[\ {0} and V H U = V H (Y n U) ^ 0. Then 
y n C/ G rf \ {0} and since A n G (1, 2)-JVP(y fl U,U), there is 
C/' G r£ \ {0} such that U' C\(Y HU) — U' HY (Z V and [/' n A n = 
for each n — 1, oo. But [/' G and [/ G r 2 imply that [/' G r 2 \ {0}. 
Therefore, for V G r{\{0} there is U' G r 2 \{0} such that U'nY C V' 
and U' H A n = for each n = l,oo. Once more applying (3) of 
Proposition 12.3 gives that A n G (1, 2)-J\fV(Y, X) for each n — l,oo 
and thus C/ G (1, 2)-Catg l (Y, X). □ 

Corollary 12.29. Let (Y,t[,t^) be a BsS o/aBS (X,ti,t 2 ). Tnen 

(1) IfY is an (i, j)-BrS in X, then Y is an A-(i, j)-BrS in X. 
Moreover, if T\ C r 2 and Y G 2-V{X), then 

(2) y is a (1, 2)-BrS m X i/ and on/?/ i/Y is an A-(l, 2)-BrS m X. 

Corollary 12.30. // (Y, r') be a TsS o/ a TS (X, r) and Y G P(X), 
iaen 

(1) If U G r \ {0}, £/ien [/ is o/ Catg Y II i/ and onfo/ if U E 
Catg n (Y,X). 

(2) Y is a BrS in X if and only ifY is an A-BtS in X . 



Proposition 12.31. For a BsS {Y, t[ < t' 2 ) of a BS (X, n < r 2 ) the 

following conditions are satisfied: 

(1) IfY G 2-£>(X) and y«a (1,2) -BrS in X, taen y«a 1-BrS 
in X. 

(2) IfY is a 2-BrS in X ; taen Y is a (2, l)-BrS in X. 

Proof. (1) Let [/ G t x \ {0} be any set. Then U is of (l,2)-Catg Y II 
and by (2) of Lemma 12.28, U G (1, 2)-Catg u (Y, X). Hence, following 
(7) of Theorem 12.16, U G l-Catg u (Y, X). Hence, by the topological 
version of (2) of Lemma 12.28, U G l-Catg Y II. 

(2) If [/ G r 2 \ {0} is any set, then by the topological part of Def- 
inition 12.27, U is of 2-Catg Y II, i.e., U G 2-Catg u (Y n £/, C/). But, by 
(7) of Theorem 12.16, 2-Catg u (Y nU,U) C (2, l)-Ca^ n (Y n £/, £/) and 
so U is of (2, l)-Catg Y II. Thus, according to Definition 12.27, y is a 
(2, l)-BrS inl. □ 
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Proposition 12.32. // (Z, t'{ < t%) C (Y,t[ < r' 2 ) C (X, n < t 2 ), 
then the following conditions are satisfied: 

(1) Y G T\ and Z is a (l,2)-BrS in X imply that Z is also a 
(l,2)-BrS mY. 

(2) Y G 2-V(X) and Z is a (l,2)-BrS in Y imply that Z is also a 
(l,2)-BrS in X. 

Proof. (1) If U G t[ \ {0}, then U G n \ {0} and so U is of 
(l,2)-Catg z II. 

(2) Contrary: there is U G r x \ {0} such that U is of (1,2)-Catg z l. 
Hence, by (2) of Lemma 12.28, U G (1, 2)-Catg I (Z, X) and so U = 

oo 

U An, where A n G (l,2)-AfV(Z,X), i.e., rf int(r 2 clA n n Z) = for 

n=l 

each n — l,oo. Therefore, r" int(r2 cl(A n n Y) D = for each 
n = T^o so that U n V G (r{ \ {0}) n (1, 2)-Catg l (Z, Y). But this is 
impossible, since by (2) of Corollary 12.29, Z is a (1, 2)-BrS in Y if and 
only if Z is an A-(l, 2)-BrS in Y. □ 

Corollary 12.33. If (Z,t) C (Y, t) C (X,t), ^en the following 
conditions are satisfied: 

(1) Y G r and Z is a BrS m X imply that Z is also a BrS in Y . 

(2) Y G "P(X) and Z is a BrS m Y imp/?/ t/iat Z is also a BrS 
in X . 

It is of interest and very important for further investigations to study 
various types of relative properties of relative notions as for the topo- 
logical case so for the bitopological case. 

Proposition 12.34. //(Z,rf,r^) C (Y,r{,^) C (X,n,r 2 ), Z G r[ 
and A C X , then the following conditions are satisfied: 

(1) A G (i,j)-AfV(Y,X) (A G (i,j)-Catg I (Y,X)) implies that An 

Y G (i,j)-J\fV(Z, Y) {An Y G (i, j)-Cat gi (Z,Y)) and so A n 

Y G (i,j)ST>(Z, Y) (An Y G (i,j)-Catg u (Z,Y)) implies that 
A G (i, j)-5P(Y,X) (A G ( ? ,j)-Ca^ n (Y,X)). 

(2) A G (i, j)-MV{Y,X) {A G (i,j)-Ca^!(Y,X)) zmp/zes f/ia* A G 
(i,j)-MV(Z,X) {A G (i, j)-CatgXz,X)) and so A G 
{i,j)-SV(Z,X) (A G (i,j)-Catg u (Z,X)) implies that A G 
(^,j)-^(Y,X) (AG(*,j)-Ca^ n (Y,X)). ' 

Proof. It is evident that in both cases it suffices to prove only the first 
implication. 

(1) Using (1) of Proposition 12.3, let us prove that if 
Tj cl A n Y C t[ cl ( Y \ (t,- cl A n Y)) , 
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then 

rj d(A n Y) n z c t'I d (z \ (rj c\{A n y ) n z)) . 

Since Z£t|, we have 

rj ci(A n y) n z c rj ci A n y n z c < ci (y \ rj ci(A n y)) n z c 
c r/ ci ( (y \ rj d(A n y)) n2)=r; d (z \ rj d(A n y)) . 

Thus 

Tj c\(A n Y) n Z C r/cl (Z \ r'j c\(A f]Y))f]Z = 

= T?d (z\(rjci(Any)nz)). 

(2) By analogy with (1), we use (1) of Proposition 12.3. Since Z G r/ 
and A G (i, j)-AfV(Y, X) we have 

fa ci An Y) n z = Tj ci An z c r/cl (y \ fa d A n y)) n z c 

C r/cl (Z\ faclAnZ)), 

so that 

Tj cl An Z C r/cl (Z \ fa cl A n Z)) n Z = rfcl (Z \ facMn Z)). 

□ 

Corollary 12.35. //(Z,rf < t'{) C (y r{ < t' 2 ) C (X,n < r 2 ), 
then the conditions (1) and (2) of Proposition 12.34 are satisfied for 
Zer[. 

Corollary 12.36. // (Z, t», C (Y,t[,t^) C (X,n,r 2 ), Z G r/ 
and y G i-V(X), then Z is an A-(i, j)-BrS in Y implies that Y is an 
A-(i,j)-BrS in X. 

Proof. Let U G n \ {0} be any set. Since Y G i-V(X), we have U' = 
UnY G r/\{0} and so [/' G (i, j)-Catg u (Z,Y) as Z is an A-(i,j)-BrS 
in y. Since Z G r/, by (1) of Proposition 12.34, U G (i, j)-Catg u (Y, X) 
and it remains ro recall Definition 12.26. □ 

Corollary 12.37. // (Z, rf < t£) C (y r{ < r^) C (X, n < r 2 ) and 
y G 2-P(X), taen 

(1) Z er[ and Z is a (l,2)-BrS in Y imply that Y is a (l,2)-BrS 
in X . 

(2) Z G t' 2 and Z is an A-(2, l)-BrS in Y imply that Y is an 
A-(2, l)-BrS in X. 

Proof. (1) If Z is a (1, 2)-BrS in Y, then by (1) of Corollary 12.29, Z is 
an A-(l,2)-BrS in Y. Hence, by Corollary 12.36, Y is an A-(l,2)-BrS 
in X and so, it remains to use (2) of Corollary 12.29. 

(2) Follows directly from Corollary 12.36. □ 
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Corollary 12.38. If(Z,r") C (Y, r') C (X,t), Z E t' and A C X ; 

£nen £ne following conditions are satisfied: 

(1) AejVP(y, X) (AeCat gi (Y,X)) implies that AflY EAfV(Z, Y) 
(A n y G Catg^Y)) and so AnY E SV{Z,Y) (An F G 
Catg u (Z,Y)) implies that A E SV(Y,X) (A E Catg u (Y, X)). 

(2) A E AfV(Y,X) (A E Cat gi (Y,X)) implies that A E AfV(Z,X) 
(A E Catg^Z.X)) and so A G SV(Z,X) {A G Catg u (Z,X)) 
implies that A G SV(Y, X) (A G Catg u (Y, X)). 

Corollary 12.39. If (Z,t") C (Y,t') C (X,t) ; Z G r' and Y G 
£>(X) ; £/ien Z is a BrS m y implies that Y is a BrS m X. 

Proposition 12.40. // (Z, t'( < t%) C (Y, t[ < t' 2 ) C (X, n < 
r 2 ), Z G 2-P(y) and A C X, inen A G (2,l)-tfV(Z,X) A G 

(2,l)-jVP(y,X) (A G (2,l)-Cat 9l (Z,X) ^A6 (2, 1)-Cat 0l (y X)) 
and so 

A G (2, 1)-SV(Z, X)^Ae (2, l)-«SP(y X) 
(A G (2,l)-Cata n (Z,X) <(=>■ A G (2, 1)-Cata n (y X) ). 

Proof. Evidently, it suffices to prove only the first equivalence. 

Let A G (2,l)-AfV(Z,X) and A G (2, l)-JV£>(y, X). Then 
int(ri cl A C\Y) ^ and Z G 2-D(y) imply that 

^ t 2 int(ri cl A fl 7) fl Z C int(ri cl A n y) 

which is impossible. 

Conversely, let A G (2, \)-MV{Y, X) and AG (2, 1)-MV(Z, X). Then 
r'i int(ri cl A n y) 7^ and so there is [/ E r 2 \ {0} such that ^ 
U n Z = t% int(ri cl A n y). Since Z G 2-P(y), we have 

T ' 2 c\u = t' 2 c\{u nz) = r 2 ' cl t' 2 ' mt(n cl A n y). 

Hence 

t[ cl T2 cl C/ = t[ cl cl t 2 ' int (n cl A H y ) 

and by (2) of Lemma 0.2.1 in [8], r^clC/ = r( clr^' intfa cl A n y). 
Therefore, U E r 2 \{0} gives that 

^ t 2 int r{ cl U = t 2 int r( cl t 2 int(ri cl A n y) C 

C r2 int r( cl(ri cl A n Y) = r' 2 int(ri cl An y), 

i.e., if (2, l)-jVX>(y, X) which is a contradiction. □ 

Corollary 12.41. If(Z,r? < t£) C (y r( < r£) C (X,n < r 2 ) and 
Z G 2-V(Y), then Z is an A-(2, l)-BrS m X i/ and on/y i/ Y is an 
A-(2,l)-BrS in X. 
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Proof. Indeed, if U G r 2 \ {0} is any set, then by Proposition 12.40, 
U G (2, l)-Catg u (Z,X) if and only if U G (2, l)-Catg n (Y, X) . □ 

Corollary 12.42. If(Z,r") C (Y, t') C (X,t) ; Z G £>(Y) and A C 
X, then A G NV(Z,X) ^Ae AfV(Y,X) (A G Cat gi (Z,X) 
A G Cata^YX)) and so A G SD(Z,X) ^ A e SV(Y,X) {A G 
Catg n (Z,X) Cata n (Y,X)). 

Corollary 12.43. If(Z,r") C (Y, r') C (X, r) and Z G £>(Y) ; inen 
Z is a BrS in X i/ and only if Y is a BrS in X . 

Proposition 12.44. // (Y, r^r^) C (X, Ti,r 2 ) and Y G r i; i/ien 
{i,j)-NV{X) c {i,j)-NV{Y,X) ((i,j)-Cat 9l (X) c (i,j)-Cat 9l (Y,X)) 
and so 

(i,j)-SV(Y,X)G(i,j)-SV(X) 
((i,j)-Catg u (Y,X) C (i, j)-Catg n (X) ). 

Proo/. If A G (i, j)-J\fV(X), i.e., if int r,- c\A = 0, then T; intfo cl An 
y) = so that r/ int^- cl A n Y) = as y G 7*. □ 

Corollary 12.45. If (Y, t[,t' 2 ) C (X,Ti,t 2 ) and Y G r i; taen y is 
an A-(i, j)-BrS in X implies that X is an A-(i, j)-BrS. 

Proof. If [/ G Tj \ {0} is an arbitrary set, then [/ G (i, j)-Catg n (Y, X) 
and so U G (i, j)-Catg u (X). Hence, it remains to use Definition 4.1.5 
in [8]. □ 

Corollary 12.46. If (Y,r[ < r 2 ) C (X,n < r 2 ) and y G n, iaen 
tae conditions of Proposition 12 .44 are satisfied. 

Corollary 12.47. // (y r{ < r 2 ) C (X, n < r 2 ) and Fgti, iaen 

(1) y G 2-X>(X) and Fwa (1,2) -BrS in X imj% that X is a 
(l,2)-BrS. 

(2) y is an A-(2, l)-BrS in X wnp/zes taa£ X is an A-(2, l)-BrS. 

Proof. (1) It remains to use (2) of Lemma 12.28 and (4) of Theo- 
rem 4.1.6 in [8]. 

(2) Follows directly from Corollary 12.45. □ 

Corollary 12.48. // (Y, r') C (X, r) and Y G r ; iaen MV{X) C 
AfV(Y,X) (Catg^X) C Ca^(Y,X)) and so <S£>(Y,X) C <S£>(X) 
(Cata n (Y,X)cCata n (X)). 

Corollary 12.49. // (Y, r') C (X, r) flfirfyerfl £>(X) ; iaen Y zs 
a BrS in X implies that X is a BrS. 
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Proof. The condition is an immediate consequence of (2) of Corol- 
lary 12.30, Corollary 12.48 and the well-known topological fact, follow- 
ing which 

U is of second category in itself if and only if U G Catg n (X). □ 

Proposition 12.50. // (Z, rf , r£) C {Y,t[,t^) C (X,t 1 ,t 2 ) and 
A C Y is any set, then A G (i, j)-AfV(Z,Y) A G (i, j)-AfV(Z, X) 
(A G (i,j)-Catg I (Z,Y) A G (i, fi-Catg^Z, X)) and so 

A e (i,j)-SV(Z,Y) ^Ae (i,j)-SV(Z,X) 
(Ae (i,j)-Catg u (Z,Y) ^Ae (i,j)-Catg u (Z,X)). 

Proof. Since Z cY and A C Y we have 

t'I int (rj cl A n Z) = if int fa cl A n F n Z) = rf int fa cl A n Z) . 

Hence A G (i,j)-AfV(Z, Y) <=^> A G (i,j)-AfV(Z,X). The rest is 
obvious. □ 

Corollary 12.51. //(Z,rf < t£) C (F, r( < t' 2 ) C (X, n < r 2 ) and 

7 G Ti, £/ien Z is a (1, 2)-BrS m X implies that Z is a (1, 2)-BrS m F. 

Proof. Let !7 G rj \ {0} be any set. Then U G t± \ {0} and by 
condition, U is of (1, 2)-Catg z II. □ 

Corollary 12.52. // (Z,t") C (F, r') C (X, r) and A C Y is any 

set, then A G NV{Z,Y) ^ie AfV{Z,X) {A G Cat 9l {Z,Y) <^> 
A G Cat gi (Z,X)) and so A G SV{Z,Y) <=> A G SV(Z,X) (A G 
Catg n (Z,Y) ^Ag Cai<? n (Z,X)). 

Corollary 12.53. If(Z,r") C (F, r') C (X, r) and F G r, iaen Z 
a BrS m X implies that Z is a BrS m F. 

Proposition 12.54. If (Z,t?,t%) C (F,r{,r^) C (X,n,T 2 ) and 
Acl is any set, then A G (i,j)-J\fV(Z,X) {A G (ijj-Catg^Z^)) 
implies that AnY G (i,j)-AfV(Z,Y) (A n F G (i,j)-Catg I (Z,Y)) and 
so Any G (i,j)-5P(Z,F) (Any G (i,j)-Catg u (Z,Y)) implies that 
A G (i, j)-SV(Z,X) (A G (i, j)-Catg u (Z,X)). 

Proof. It is evident that rf int fa cl A fl Z) = implies that 
rf intfa c\(A n F) n Z) = 0. The rest is obvious. □ 

Corollary 12.55. // (Z,t?,t%) C (Y,t[,t>) C (X,n,r 2 ), F G 
i-V(X) and Z is an A-(i, j)-BrS m Y, then Z is an A-(i, j)-BrS in X. 

Proof. Let U G r< \ {0} be any set. Then U' = U n F G r/ \ {0} and 
so [/' G (i, j)-Catg u (Z,Y). Hence U G (i,j)-Catg u (Z,X). □ 
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Corollary 12.56. Let (Z, t'( < t%) C (F, t{ < t' 2 ) C (X, n < r 2 ) 
and Y G 2-V(X). Then 

(1) Z is a (l,2)-BrS in Y implies that Z is a (l,2)-BrS in X. 

(2) Z is an A-(2, l)-BrS in Y implies that Z is an A-(2, l)-BrS 
m X. 

Corollary 12.57. // (Z, t") C (Y, t') C (X, r) and A C X is any 

set, then A G AfV(Z,X) (A G Catg^Z^X)) implies that A f] Y e 
AfV(Z, Y) (A n F G Ca^(Z, F)) and so A n F G «SX>(Z, F) (A n F G 
Cata n (Z,F) zmp/zes inai A G SV(Z,X) (A G Catg u (Z,X)). 

Corollary 12.58. If(Z,r") C (F, r') C (X, r) and F G £>(X) ; tnen 
Z is a BrS in F implies that Z is a BrS in X. 

Theorem 12.59. Let (Y,t[ < t' 2 ) be a BsS of a BS (X, n < r 2 ). 
Tnen tne following conditions are satisfied: 

(1) TjfF is a (l,2)-BrS in X and {A ra }^ ( L 1 is a sequence of subsets 
of X, where A n G 2-£ 5 (X) n l-s£>(F,X) for each n = T^oo, 

oo 

then f) A n e 2-&(X) n l-V(X). 

n=l 

(2) // F is an A-(2, l)-BrS in X and {A n }™ =1 is a sequence of 
subsets of X , where A n G l-Q${X) fl 2-s£>(F, X) for each n = 

oo 

T^o" ; then f] A n G l-^(X) n 2-V(X). 

n=l 

Proof. (1) Clearly, X \ A n = (J (X \ AfJ, where X \ A£ G cor 2 for 

fe=i 

each k = 1, oo, n = 1, oo and X \ A n G 2-.F (T (X) n l-si3d(F, X) for each 
n = 1, oo. Then X \ G l-s£>d(F, X) for each A; = 1, oo, n = 1, oo 
and by (2) of Theorem 12.16, X \ A n e (1, 2)-Catg I (Y, X). Hence, by 

(1) of Theorem 12.16, Q (X \ A n ) G (1, 2)-Cato : (F, X). But by (1) 

71=1 

of Corollary 12.29, F is an A-(l,2)-BrS in X and hence, by (3) of 
Theorem 12.24 with Definition 12.26 taken into account, 

oo oo 

n cl (x \ |J (X \ A n )) = n cl fl A n = X. 

n=l n=l 

oo 

Thus Hie 2-£ 5 (X) n l-P(X). 

n=l 

oo 

(2) Evidently, X \ A n = [j (X \ A$), where X \ A k n G cori for 

fc=i 

each A; = 1, oo, n = 1, oo and X\A n E l-^v(X) fl 2-sBd(Y, X) for each 
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n — 1, oo. Then X\A* G 2-sBd(Y, X) for each k — 1, oo, n — 1, oo and 
by (2) of Theorem 12.16, X\A n G (2, lyCatg^Y, X) for each n = l\oo. 

oo 

Hence, by (1) of Theorem 12.16, (J (X \ A n ) G {2,l)-Catg I {Y, X). 

n=l 

Thus, by (3) of Theorem 12.24 in conjunction with Definition 12.26, 

oo oo 

r 2 cl (X \ (J(X \ A n )) = r 2 cl f| A n = X, 

n=l n=l 

oo 

i.e., flA,ei-OTn2-2?(4 □ 

n=l 

Corollary 12.60. If {Y,t') is a TsS of a TS (X,r), Y is a BrS in 
X and {A n }^ =l is a sequence of subsets of X, where A n G Gs{X) fl 

oo 

sV(Y, X) for each n = T^oo, then f| A n G ^(X) n V(X). 

n=l 

Note here that the theorem below characterizes all subsets of X, be- 
longing to the family(l,2)-Cat^(F,X) ((2, lyCatg^Y, X)) for a 
(l,2)-BrS (an A-(2, l)-BrS) F in X. 

Theorem 12.61. Let (Y,t[ < t' 2 ) be a BsS of a BS (X,n < r 2 ). 
Taen /or any subset A G X the following conditions are satisfied: 

(1) If Yen andY is a (1,2) -BrS in X , then Ae(l,2)-Catg I (Y,X) 
if and only if X \A contains a set B G 2-Q$(X) fl l-V(X). 

(2) If Y G r 2 and F zs an A-(2,l)-BrS in X, then A G 
(2, l)-Catpj(F, X) if and only if X \ A contains a set B G 

i-Q 5 {x)c\2-v{x). 

oo 

Proof. (1) First, let A G (1, 2)-Catg I (Y, X), i.e., A = (J A n , where 

ra=l 

A n G (1, 2)-J\fV(Y, X) for each n = 1, oo. Then {X \ r 2 cl A n }^° =1 is a 
countable family of 2-open subsets of X and 

t[ cl ((X \ r 2 cl A n ) DY)=t[ cl(F \ r 2 cl A n ) = 
= t[c\ (F\(r 2 clA n nF)) = Y\t[ int(r 2 cl A n nY) = Y 

so that X \ r 2 cl A n G r 2 fl l-s£>(F, X) for each n = 1, oo. Since F is 
a (l,2)-BrS in X, by (1) of Corollary 12.29 in conjunction with (2) of 
Theorem 12.24 

oo 

B = f| (X \ r 2 cl A n ) G 2-g s (x) n l-P(X) 

n=l 

and BcI\A 
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oo 

Conversely, let B = f| A n G 2-Q s (X) n l-V(X) and B C X \ A. 

71=1 

Since T\ cl B — X, we have T\ cl A n = X for each n — 1, oo. Hence, 

Ti int(X \ A n ) = ri int r 2 cl(X \ A n ) = X \ t x cl r 2 int A n = 

so that X\A n G (1, 2)-NV(X) for each n = 1, oo. Since Y G T-y, taking 
into account Proposition 12.44, 

oo 

\J{X\A n ) e (l,2)-Cat 9l (X) c (l,2)-Cat 9l (Y,X). 

n=l 

oo 

Moreover, B = f] A n C X \ A implies that A C X \ B and thus, by 

n=l 

(1) of Theorem 12.16, A e (1, 2)-Catg l {Y, X). 

oo 

(2) Let A G (2,l)-Catg 1 (Y,X), i.e., A = \J A n , where A n G 

n=l 

(2, l)-jVP(y, X) for each n = 1, oo. Then {X \ n cl A n }£° =1 is a count- 
able family of 1-open subsets of X and 

4c\((X\r lC \A n )nY) =r^cl (y \ (n cl A n n Y)) = 
= Y\T^mt(r lC \A n r]Y) =Y 

so that X \ T\ cl A n G ri fl 2-s"D(y, X) for each n = 1, oo. Since Y is an 

oo 

A-(2, l)-BrS in X, by (2) of Theorem 12.24, B = f] (X \ n cl A n ) G 
l-^(X) n 2-P(X) and S C X \ A 

oo 

Conversely, let 5 = f| A n G l-^(X) n 2-P(X) and B C X \ A. 

n=l 

Since r 2 cl B = X, we have r 2 cl A n = X for each n = 1, oo. Hence, 

r 2 int(X \ A n ) = r 2 int n cl(X \ A n ) = X \ r 2 cl r x int A n = 

so that X \ A n e (2, 1)-A/"'D(X) for each n = 1, oo. Therefore, since 
y ^ r 2, by Proposition 12.44, 

oo 

|J(X \ A n ) G (2, l)-Cat 9l (X) C (2, l)-Cat 9l (Y, X) 

n=l 

and since Ac X\B, by (1) of Theorem 12.16, Ae (2, 1)-Cat^(y, X). □ 

Corollary 12.62. If (Y,r') is a BrS in (X,r) ; y G r and A C X 
is any set, then A G Cat 9l (Y, X) if and only if X \ A contains a set 

B eg 5 {x)nv{x) 

Thus, Corollary 12.62 characterizes all subsets of X, belonging to 
the family Cat 9l (Y,X) for a BrS Y in X. 
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Theorem 12.63. Let {(Y a , rf, r^)} aG £) be a family of bitopological 
subspaces of a BS (X, r 1 ,r 2 ) and Y = [j Y a E i-V(X). If there is 

ao E D such that Y ao E r« and Y ao is an A-(i, j)-BrS in Y , then Y is 
an A-(i, j)-BrS in X. 

Proof. Let a E D and Y ao be an A-(i,j)-BrS in (Y, Ti,T 2 ). Then 
F Q() G Tj and F ao C F imply that F Q() G r/. Hence, it remains to use 
Corollary 12.36. □ 

Corollary 12.64. Let {(y a ,rf < T.f a family of bitopolog- 

ical subspaces of a BS (X, Ti < r 2 ) sfic/i i/iai F = |J F a G 2-D(X). 

T/ien the following conditions are satisfied: 

(1) IfY ao is a (l,2)-BrS in Y and Y ao G T\ for some ao G D, then 
Y is a (l,2)-BrS in X. 

(2) IfY ao is an A-(2, l)-BrS in Y and Y ao G r 2 for some a £ -D, 
then Y is an A-(2, l)-BrS in X. 

Proof. The conditions follows directly from Corollary 12.37. □ 

Corollary 12.65. Let {(Y a , T a )} ae rj be a family of topological sub- 
spaces of a TS (X, t), Y aQ be a BrS in Y and Y ao G r for some ao E D, 
then Y = (J Y a E T>(X) implies that Y is a BrS in X . 

Theorem 12.66. // (Y, r[ < r£) C (X,Ti < r 2 ), Y G r 2 and 7 is a 
(l,2)-BrS in X, then 

2-g s (X) n (l,2)-Cat 9l (Y,X) C (l,2)-jVP(y,X). 

Proo/. Contrary: there is A E 2-Q s (X) n (1, 2)-Ca^,(Y, X) such that 
AE(l,2)-AfV(Y,X). Hence, there is a set V G r{ \ {0} such that 
V C r 2 cl A n y. Let y G Ti, V n y = V and let us prove that V is of 
(1, 2)-Catg Y I, i.e., V G (1, 2)-Catg I (V, V). Since y = (VnA)Li(V\A), 
by (1) of Theorem 12.16 it suffices to prove that V fl A, V \ A E 
(l,2)-Cat gi (V',V). Since A E (1, 2)-Catg I (Y, X), V C Y C X and 
y' G r{, by (2) of Proposition 12.34, A E (1, 2)-Ca^ I (y / , X). Hence, 
by (1) of Theorem 12.16, Any G (1, 2)-Ca^ I (y / , X). Since Any C y 
and y' C V C X, by Proposition 12.50, 

Af]V E (l,2)-Cat gi (V',X) <=> AnV E (l,2)-Cat gi (V',V). 

Now, let us prove that V\Ae (1, 2)-Catg I (V, V). For this purpose, 
taking into account (2) of Theorem 12.16, it suffices to prove V \A = 

oo 

U F n E 2-J= a (y) and F n E l-sBd(V, V) for each n = Y^. Evidently, 

71=1 
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A G 2-Q s {X) implies that V \ A = (X \ A) (IV E 2-F a (V), so that 

oo 

V \ A — [j F n , where F n G cor^' in (V, t" < t%). Let us prove that 

<int(F n n V) = i n (V, rf < rf), or equivalent^, r'{' c\{V \ F n ) = 

V for each n — 1, oo. We have: 

V n F n c y' n (V \ A) = V \ A 

and hence, V \ (V \ A) C V \ (V n F n ) so that V (1 A C V \ F n . 
Therefore, it suffices to prove that V = r"' cl(V fl A). Since Fg^C 
r 2 , V"Cr 2 cli4ny and Y G r 2 , we have 

v' = (y'nv) nY c (r 2 ciAnr nv) nr c r 2 ci(Anr n v) nr = 
= t' 2 c\{V n A) 

and so \/' = rf cl(F' n A). Thus V'nAG l-sP(V r/ , V) so that F n G 

1- sBd(V, V) for each n = TToo. Thus, V\Ae (1, 2)-Ca^ I (y / , \/) and 
so V G (1, 2)-Catg I (V, V), i.e., is of Catg Y l, which is impossible, 
since Y is a (1, 2)-BrS in X. □ 

Corollary 12.67. // (Y, r') C (X,r) ; F G r and Y is BrS zn X ; 

then g s (X)nCat gi {Y,X) C MV{Y,X). 

Furthermore, let us prove that thanks to (5) of Corollary 12.13, 
a countable family of 1-open 2-strongly dense relative to Y sets in 
(2) of Theorem 12.24 can be essentially narrowed for an A-(2, l)-BrS 
(Y, t[ < T2) in a BS (X, t\ < r 2 ). Namely, take place 

Theorem 12.68. A BsS (Y, r{ < r 2 ) 0/ a BS (X, n < r 2 ) an 
A-(2, l)-BrS m X i/ and only if the intersection of any monotone de- 
creasing sequence of 2-strongly dense relative to Y and 1-open sets is 

2- dense in X . 

Proof. Evidently, it suffices to prove that if the intersection of any 
monotone decreasing sequence of 2-strongly dense relative to Y and 
1-open sets is 2-dense in X, then (3) of Theorem 12.24 is satisfied. 
Let A G (2,l)-Catg I (Y, X) be any set. Then, by analogy with the 

proof of the implication (2) (3) in Theorem 12.24, one can assume 

00 

that A G l-T a {X) n (2, lyCatg^Y, X) so that A = [j A n , where A n G 

71=1 

corxn(2, l)-AfV(Y,X) for each n = l,oo. Suppose that X\Ae2-V(X) 

00 n 

that is, f| (X \ A n )e2-V(X). Let U n = f)(X\ A k ) for each n = 

n=l k=l 

l,oo. It is obvious that {f/ n }^ ( L 1 is a monotone decreasing sequence. 

n 

Moreover, X\U n = \J A k , where A k G corin(2, l)-AfV(Y, X) for each 
k=i 
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k — 1, oo and n — 1, oo. According to (5) of Corollary 12.13, X \ U n G 
co n n (2, l)-jVP(y, X) and so [/„ G n and t' 2 int(ri cl(X\[/„) nY) = 
for each n = 1, oo. Hence 

Y \ r' 2 int (n cl(X \ U n ) fl Y) =Y\t' 2 int(Y \ C/„) = 

= ^ci(c/„nY) = Y 

so that C/ n G Ti fl 2-sV(Y, X) for each n = l,oo. Hence, by condi- 

oo oo oo 

tion P| U n G 2-V(X), where f] U n = f] (X \ A n ) and we obtain a 

n=l n=l n=l 

oo 

contradiction to f| (X \ A n )e2-V(X). □ 

ra=l 

Corollary 12.69. A TsS (Y, r') o/ a TS (X, r) an ABrS m X 

z/ and on/?/ i/ the intersection of any monotone decreasing sequence of 
strongly dense relative to Y open sets is dense in X. 

Clearly, if Y G T>(X), then Corollary 12.69 gives the characterization 
of a BrS Y in X. 

Theorem 12.70. Let (Y,r[ < t' 2 ) be a BsS of a BS (X,n < r 2 ). 
Tnen £ne following conditions are equivalent: 

(1) Y zs an A-(i,j)-BrS in X. 

(2) If A G (i,j)-Cat^(Y,X)\{0} ; X\A G i-V{X) andY C X\A 
i/ien Y is an A(i, j)-BrS in X \ A 

Proo/. (1) =>- (2) Let Y bean A(i,j>BrS in X, Ae (i,j)-Cat gi (Y,X)\ 
{0} and Y C X \ A If B G (i, jj-Catg^Y, X \ A), then by Proposi- 
tion 12.50, -B G (i, jyCatg^Y, X) and so, by (1) of Theorem 12.16 and 
(3) of Theorem 12.24, X \ (A U B) G i-P(X). But X \(AU B) = 
(X\A)\B and so (X\A)\B G i-X>(X \ A). Now, once more applying 
(3) of Theorem 12.24, we obtain that Y is an A-(iJ)-BrS in X \ A 

(2) (1) First, let X contains nonempty subset A G 

(ijyCatg^X). Then £/ G T;\{0} implies that C/ G (i, j)-Catg u (Y, X) 
and by (1) of Theorem 12.24, Y is an A(i, j)-BrS in X. Now, if there 
is A G (i, j)-Cai 0l (Y,X) \ {0} such that X \ A G i-£>(X), Y C X \ A 
and Y is an A-(i, j)-BrS in X \ A, then by Corollary 12.55, Y is an 
A(i,j)-BrS in X. □ 

Corollary 12.71. For a 2-dense BsS (Y,t[<t^) of a BS (X,n<T 2 ) 
t/ie following conditions are equivalent: 

(1) Y is a (1,2) -BrS in X. 

(2) If A e (l,2)-Cat gi (Y,X) \ {0}, Y C X \ A, then Y is a 
(l,2)-BrS in X\A. 
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Proof. Evidently, Y G 2-T>(X) implies, on the one hand, that Y G 
2-V(X \ A) and, on the other hand, that X \ A G 2-V(X). Hence, it 
remains to use (2) of Corollary 12.29 together with Theorem 12.70. □ 

Corollary 12.72. Let (Y,r') C (X, r). Then the following condi- 
tions are equivalent: 

(1) Y is an A-BrS in X . 

(2) IfAeCatg I (Y,X)\{0}, X\AeV(X) andY cX\A, then 
Y is an A-BrS in X\A. 

Clearly, if Y G T>(X), then Corollary 12.72 remains valid for Baire 
spaces. 

Our last aim of Section 12 is to show that the notion of concentration 
of a set on a subspace is a link connecting the relative property of 
this subspace to be Baire in the whole space with the property of the 
same subspace to be Baire in itself for both the topological and the 
bitopological case. As we shall see below, this idea is essentially based 
on the density of a subspace in the whole space. 

Definition 12.73. Let (Y,t[,t^) ((Y,t')) be a BsS (TsS) of a BS 
(TS) (X, Ti,t 2 ) ((X, r)). Then a subset A C X is (i,j)-W- nowhere 
dense (W-nowhere dense) relative to Y if r[ int r- c\(A fl Y) — 
(r'intr'cl(An Y) = 0). 

The families of all subsets of X which are (i, j)-W-nowhere (W-now- 
here) dense relative to Y, are denoted by (i, j)-wJ\fV(Y, X) 
(wJ\fV(Y,X)). It is evident that 

A G (i,j)-wAfV(Y,X) ^AH7G (i,j)-AfV(Y) 

so that if (Y, t') C (X, r), then A G wAfV(Y, X) AnY G MV{Y). 

Moreover, we say that a subset A of a BS (X, ti,t 2 ) (TS (X, r)) is 
j-W-concentrated (W-concentrated) on a BsS (Y, t[,t£) (TsS (Y, r')) 
if Tj cl A n Y C rj cl(A n Y) (rclinFCr cl(A n Y)). Clearly, if A 
is j-concentrated (concentrated) on Y or y G Tj (y G r), then A is 
j-W-concentrated (W-concentrated) on Y. 

Now, observe that if {Y, t[, t' 2 ) C (X, n, r 2 ) ((y, r') C (X, r)), A C X 
and A is j-W-concentrated (W-concentrated) on Y, then 

A g ( ? ,j)-ATP(y,x) ^Ae 

( A G MV(Y, I)^Ag wNV(Y, X) ) . 

Indeed, if A is j-W-concentrated (W-concentrated) on Y, then 
Tj cl A l~l y C Tj cl(A n y) (rclAnrCr cl(A n y)) and therefore, 

Tj cl An y = 7-j ci(A n y) n y = rj ci(A n y) 
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Thus 



so that 



and so 



(rdAnY = t' ci(Anr)). 

t[ intfo cl A n Y) = r[ int rj cl(A n F) 
( r' int(r cl A n F) = r' int r' c\{A n F) ) 

A G (i,j)-J\TV(Y,X) A n y G (i,j)-NV(Y) 

( A G NV{Y, X)^Af]Ye UV{Y) ) , 
A e (i,j)-SV(Y,X) ^ AnY e (i,j)-SV(Y) 
(Ae SV(Y,X) ^ AHY e SV(Y)). 

Therefore, if A is j-W-concentrated (W-concentrated) on Y, then 

Ae (i,j)-Cat 9l (Y,X)*=> ADY G (i, j)-Cat gi (Y) 
( A G Catg Y (Y,X) ^ ADY E Cat 9l (Y) ) 

A e (i,j)-Catg u (Y,X) ^ ADY e {i,j)-Catg u {Y) 
( A G Ca^ n (Y,X)^ ADY E Catg u (Y) ) . 

Theorem 12.74. If (Y,t[ < tQ C (X,n < r 2 ) and y G 2-P(A"), 
t/ien y is an A-(i, j)-BrS m X if and only ifY is an A-(i, j)-BrS. 

Proof. First of all, let us prove that if Y G 2-X>(X), then TjdU = 
Tjc\(U n y) for each set U G n \ {0}. Indeed, if U G r 2 \ {0}, 
then r 2 cl£7 = r 2 cl(C/ n y). Hence, by (2) of Lemma 0.2.1 in [8], 
Tl cl U = ri cl(C7 n y). Now, if f/ G Ti \ {0}, then [/ G r 2 \ {0} and so 

r 2 cl[/ = r 2 ci(c/ny). 

Therefore, for any set U £ T{\ {0} we have 

7} cl c/ n y c Tj cl c/ = Tj d(u n y) 

so that, every set U G Tj\{0} is j-W-concentrated on Y. By reasonings 
before Theorem 12.74, 

U G (i, j)-Ca^ n (y,X) ^UHYe (i,j)-Catg u (Y). 

Now, let y be an A-(i,j)-BiS in X and U' G r/\{0} be any set. Then 
there is a set U G n \ {0} n (i, j)-Catg u (Y, X) such that U n Y = U'. 
Thus C/' G (i, j)-Caf<7 n (y) and so y is an A-(i,j)-BrS. Conversely, if 
y is an A-(i, j)-BrS and C/ G Tj \ {0} is any set, then the set U' = 
U n y G (r/ \ {0}) n (i, j)-Catg u (Y) and so 17 G (i, j)-Catg u (Y, X). 
Thus y is an j)-BrS in X. □ 
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Corollary 12.75. Under the hypotheses of Theorem 12.74 the fol- 
lowing conditions are satisfied: 

(1) Y is a (l,2)-BrS in X if and only if Y is a (l,2)-BrS. 

(2) Y is an A-{2, l)-BrS in X if and only ifY is an A-{2, l)-BrS. 

Proof. (1) Follows directly from (2) of Corollary 12.29 and (4) of The- 
orem 4.1.6 in [8]. 

(2) The condition is obvious. □ 

Corollary 12.76. Let (Y,t') C (X, r) and Y G V(X). Then Y is 
a BrS in X if and only if Y is a BrS . 

Corollary 12.77. // (Y, r[ < t' 2 ) is a BsS of a BS (X, n < s r 2 ) and 
Y G ri fl 2-T>{X), then the following conditions are equivalent: 

(1) Y is a 1-BrS. 

(2) y an A-(l,2)-BrS. 

(3) Y is a (l,2)-BrS. 

(4) Y is a 2 -BrS. 

(5) y an A-(2, l)-BrS. 

(6) Y is a (2,l)-BrS. 

(7) Y is a 1-BrS in X. 

(8) y an A-(l,2)-BrS in X. 

(9) y a (l,2)-BrS in X. 

(10) y zs a 2-BrS in X. 

(11) y an A-(2,l)-BrS in X. 

(12) yjsa (2, l)-BrS ml. 

(13) lisfl 1-BrS. 

(14) X an A-(l,2)-BrS. 

(15) X is a (l,2)-BrS. 

(16) X is a 2-BrS. 

(17) X an A-(2,l)-BrS. 

(18) lisa (2,l)-BrS. 

Proof. First of all, let us note that if {Y,t[ < t 2 ) C (X, n < r 2 ), 
ri < 5 r 2 and Y G 2-£>(X), then by (3) of Corollary 2.1.6 in [8], r[ < s t' 2 . 
Therefore on the one hand, T\ <s t 2 and (8) of Theorem 4.1.6 in [8] 
give that (13) (14) (15) (16) (17) (18) and, on 
the other hand, t[ < s t' 2 and the same (8) of Theorem 4.16 give that 
(1) <=► (2) <=► (3) <=► (4) <=► (5) <=► (6). 

Therefore, since y G 2-£>(X), by (1) and (2) of Corollary 12.75, 
(3) (9), (5) (11) and since 2-£>(X) C l-V(X), Corollary 12.76 
gives that (1) (7) and (4) (10). Moreover, by (2) of Corol- 
lary 12.29, (8) (9). Therefore, we obtain that (7) (8) 
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(9) (10) (11). Since (10) (11) and by (2) of Proposi- 
tion 12.31, (10) =>- (12), it remains to prove only that (12) (11). 
But this implication is given by (1) Corollary 12.29. 

Finally, since Y e n D 2-V(X) =>• Y e n D l-P(X), by Propo- 
sition 1.14 and Theorem 1.15 in [12], we have (1) •<=>- (13). This 
completes the proof. □ 

Corollary 12.78. // (Y, r') a TsS o/ a TS (X, r) and Y G 

rnD(l), then the following conditions are equivalent: 

(1) Y is a BrS. 

(2) Fisa BrS in X. 

(3) lisa BrS. 
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